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1 Introduction 

0^ [ The theory of crystal base was introduced by Kashiwara in ^J. He proved the existence and uniqueness 

CT^ ■ of this base for a quantized universal enveloping algebras Uq{2), where g is an arbitrary Kac- Moody Lie 

' algebra with symmetrizable Cartan matrix. The theory of crystal base provides a powerful combinatorial 

O tool for studying the structure of the integrable highest weight modules and the decomposition of tensor 

products of them. 

Let g be an arbitrary Kac-Moody Lie algebra with a symmetrizable Cartan matrix. Let / be its index 



CO ', set. Denote the set of simple roots of g by {ai \ i € 1} . Let P be the weight lattice of g. Take an integrable 



C/g(g)-module M and let fi, ii be the Kashiwara operators (cf. §3.1.2) on M. Let A be the subring of 
"^' ' Q(g) consisting of / £ Q(<z) that is regular at q = 0. A crystal lattice L of an integrable f/g (g)-module M 
— 1 is free A-submodule of M such that M = Q(g) ®a L, L — ®x&p ^^' where Lx = LCl M\ and e^L C L, 
T— I ■ jiL C L. A crystal base of the integrable C/g(g)-module M is a pair {L,B) such that (i) L is a cyrstal 
O ■ lattice of M, (ii) B is a Q-base of L/qL, (iii) B = UxepBx where Bx^ Bn (Lx/qLx), {iv)e,B C BU {0}, 
^^ , and (v) for b, b' (z B, b' = fib if and only if 6 = e^fe' for i G I. We sometimes replace condition (ii) by : 
Bps = B' U {—B') where B' is a Q-base of L/qL. In this case, w e call (i, Bps) a crystal pseudo base. The 
^s^ . quotient Bps/{±1} is called an associated crystal of (i, Bps). 

In [H , Kashiwara and Nakashima gave an explicit construction of crystal bases for all finite demensional 
irreducible modules over t/g(g), where g is of type An, i?„, C„, £*„, in terms of generalized Young tableaux. 
^ ' Kang and Misra gave a construction of crystal bases of [/g(G2)-modulc by a method similar to Kashiwara 
Q^. and Nakashima's in [Q. 

The notion of perfect crystals was introduced in [g[ and |9[| in order to compute the one-point functions 
of vertex model in 2 dimensional lattice statistical models. If a [/g(g)-module M has perfect crystal base. 



/\^ ' we have the notion of paths. Using paths, we can compute one-point functions of vertex models. We define 



classical part of the weight lattice by Pd = Yl ZA^. A Pc^weighted crystal is called a classical crystal and 
P- weighted crystal is called an affine crystal. Let c be the central element. Further we define ei{b), (pi{b) by 
maxjfc >0\efb^ 0}, max{/c >0\ f^b^O} respectively. We define e(6), ip{b) by J2t £i{V)K, E, V^{h)K 
respectively. A classical crystal B is called a perfect crystal of level I if B satisfies: (i) B ®B is connected, 
(ii) there exists Ao G Pd such that wt(P) G Aq + X]i=^o Z<oc^ai) and that (K-Saq) = 1? (iii) there is a finite 
dimensional C/' (g)-module with a crystal pseudo base (L, Bps) such that B = Bps/±1, (iv) for any b G B,we 
have(c,£(&)) > /, and (v) the maps e, ip : Bi ^ {b G B\{c,e{b)) = 1} ^ {Pd)i = {A £ X) Z>oAj | (c. A) ^ I) 
are bijective. 

In p , they give examples of perfect crystals of arbitrary levels for algebras of the following types: An , 



Bn ,Cn\ Dn , ^2n , ^2n-i; ^n+i' Up to now we do not know simple criterion for perfectness of crystals. 

Further, perfect crystals with arbirary level for En , Fi' , G2 , E)^' are not known. In this paper, we 

give a series of perfect crystals of Uq{G2 ), following method in |^. 

Let U'q{G2 ) be the subalgebra of [/g(G2 ), generated by e^, /», q^ {h e P*i = Y,ie{o 1 2} ^/ij). We 
proceed in the following way. 



1. As in jsl, for a given level I, our strategy is to emply the fusion procedure in order to construct finite 
dimensional irreducible module Vi of t/^(G2 ) with a crystal pseudo base such that its associated 
crystal is perfect of level L As a starting point, we take the following data. Let V be the direct sum of 
the 14-dimensional module with highest weight Ai and the trivial module over Uq{G2). The module 
V has a crystal base which is characterized by a polarization on V . A polarization on t/g(g)-module M 



is the symmetric bilinear such that for u,v G M {i){q'^u,v) — (u.q^v), (ii) {eiU,v) = {u,q^ ^t,- ^fiv), 
(iii) {fiU,v) = {u,q~^tieiv) and (iv) positive definite. Let B^ be the associated crystal of Uq{G2)- 
We define the actions of eo, /o, and q^" on V to make it an irreducible module for [/^(Gj ). Then 

we show that there exists a polarization for U'{G2 )• We see that B^ is a perfect crystal of level 1 
by direct calculation. Using the global base 0, we compute the R-matrix for V explicitly. By the 
fusion construction, we obtain a certain finite-dimensional submodule Vi of V®'. The existence of 
polarization on Vi ensures that the submodule Vi has a crystal pseudo base. The associated crystal 
of Vi is isomorphic to a crystal of Uq{G2) and a crystal of Uq{A2) as crystals of Uq{G2) and Uq(A2) 
respectively. These isomorphisms show that the associated crystal is a crystal of [/'(Gj ). It is a 
perfect crystal of level I. This is shown in the section Q. 

2. In section g, we construct a perfect crystal B' of Uq{G2 ) in a combinatorial way. 

The Dynkin diagram of Gj is (j — Pf^»Q. Here, let Jq = {1,2} and J2 = {1,0} be the index set 
of G2 and A2, respectively. We define li : Ji ^ I hy ii{j) = j {i — 0, 2). We define crystal Q'' to be 

I 
g' == 0B^^(nAi) (as crystals for Uq{G2) )• 

The affine crystal 6' for Uq{G2 ) is constructed with t/' and /o. To define /o on Q\ we use crystals 
of Uq{A2). Here, we define A by 

A, = B^^(iiAi+joAo) (as crystals for t/<,(A2)), 

[^ 

i=0 

We define operators i?^, F4 on ^ such that for 6, 6' G -4, (CI) i?^6 = 6', if and only if Fjjj' — b, 
(C2) EAf^ib) = f^EAib), (C3) max{m | F_^6 7^ 0} - max{m' | £:^^'6 7^ 0} = -2wti^(6) - wt^(6). 
Operators E^ and F4 are counterpart of ef , /I' on tj'. The crystal base A has an involution C^ 
such that 



c. m' (/i^)' (/o-)'s;i,) ^ (z^)'"-"-' (z^)'"-' (/„-)' 



where < i < l-^] , i < k , j < I — i, b/f. •, is the highest weight element on At with weight j Ai + /cAq, 
< p < j, p < 9 < p + fc, < r < j + g — 2p. By calculation, we see ^A = ^G'' . In view 
of this, we construct one-to-one map <i> : A ^ Q^ such that for 6 G ^ (El) ef $(6) = $ (cj^^), 
(E2) /2^$(6) == $(^46), (E3) wt?($(5)) = wti^(5), (E4) wt|($(6)) = -2wt5^(6) - wtg^(6), (E5) 
g|$(6) = (resp. /o^$(6) = 0) if and only if i^{b) = (resp. f^{b) = 0), for 6 G ^. Then we define 
/o on 5' by $/g*<i>~^. By weight consideration, (C2), involution, etc., we see that the action of /o is 
unique. Therefore we have crystal base of Uq{G2 )■ 



3. We show that perfectness are satisfied by direct calculation (§ |5.4g5.5| ). 

Graphs of the perfect crystal of level 1 and level 2 are given by Figure |l| and ^ respectively. In Figure |[ 
for simplicity, we omit arrows of E^ib) such that s^{b) ^ 0. By definition, we have B^ = B'^^{2Ai) © 
B^^{Ai)®B'^^i(l3) and A = ©o<ii,io<2-B^'(jiAi+joAo), Ai = ^^^(Ai+Ao), A = Ao®Ai. In this graph, 

the element b e B^ from which we draw arrows of E^ satisfies $(6) G B^^ (2Ai), $ [fo^bj ^ B'^^ (Ai) and 

e-^b = 0. For 6 G ^ such that $(6) G B^'^^Ki) © B^'{4>), the action of Ea is same as the case of level 1. 
Using commutativity (C2), we obtain the completed graph of the perfect crystal of level 2. We obtain the 
perfect crystal B^ of level 1 by restricting B^ to B"^^ (Ai) © B'-^^ {(f)). From these examples, we expect that 
we can obtain the perfect crystal 5'+^ by extending B^ . 



To find perfect crystals of level Z, we wrote a C program which judges whether a given representation has 
perfect crystal on a combinatorial level. In this program, we construct crystal bases B using a Lakshmibai- 
Seshadri path |T^. A Lakshmibai-Seshadri path is a piecewise linear paths tt : [0,1] -^ (X^^^O ®^ R- 
Operators Cq and fa on the path are modification by simple reflection a with respect to the simple root 
a. When translated into the language of crystal base, a path tt is a base and operators 6^ and /„. are 
Kashiwara operators e^ and fi. Let S = J2 '^i'^t be the null root. We define the operator f^h {b G B), by 
searching bases with weight wt(&) + J2i^o ^^^"^ ^^^'^ taking into account the conditions for perfectness. The 
conditions are {c,ip{b)) > I, and the map (p : Bi — {b & B \ {c,ip{b)) — 1} ^> {P^)i — {X € J2'^>o^i 
(c, A) = 1} are bijective (c is the element of the center). If we find suitable action of /o, B is perfect crystal 
on a combinatorial level. 

Using this program we find that (Bi^QB{kAi) is a candidate of perfect crystals of level I also for 
C/g(F4 '), Uq^Eg '), etc, on a combinatorial level. We hope to report on these in a future publication. 

The author would like to acknowledge professor Etsuro Date and T. Nakashima for their helpful advices. 




Figure 1: Perfect crystal of level 1 



2 Results 

Denote the index set of the simple roots of Gj by / = {0, 1, 2}. We can take Jo = {1, 2} and J2 = {1, 0} 
as the index set of G2 and A2, respectively. We define li : Ji ^ I by ii{j) = j {i = 0, 2). 



Proposition 2.1 For any integer / > 1, there exists the crystal B^ for Gj such that 



5(5') = 0S^MfcAi) ( as crystals of ^/^(Ga)), 



fc=0 



and 



iiB') =0 S^MjiAi + JoAo) ( as crystals of UgiA^)). 

i=0 i<ji,jo<l-i 



Theorem 2.2 The crystal B^ is a perfect crystal of level I for Uq{G2 )■ 

3 Preliminaries 

3.1 Crystal base 

We recall definitions of quantum enveloping algebras t/q (^2), Uq{G2), Uq{G2 ) and crystal bases of [/q(A2), 

Uq{G2). 

3.1.1 Definition of [/^(g) 

Let g be a semi simple (resp. affine ) Lie algebra generated by e^, fi {i £ / = {1, . . . , n} (resp.jO, 1, . . . , n}) ) 
and f) the Cartan subalgebra over Q. Let {at | i e /} C f)* and {hi | i £ /} C I) denote the simple roots 
and simple coroots, respectively. We denote a non-degenerate invariant symmetric bilinear form on f)* by 
(, ). This bilinear form (, ) satisfies (a^, a^) £ Z>o- Let P be the weight lattice and P* be the dual lattice. 
The quantized universal enveloping algebra Uq{g) is the Q(g)-algebra generated by the symbols e^, fi 
{i £ /) and q^ [h £ P*) with the following defining relations: 

<?" = 1, q^q^' = q^+^' for all /i, h' e P\ 

q'^e.q-'' = (Z<''^"'>e„ q''f^q-'' - q^^''^^'^/^ for alH £ /, /i £ P* , 

h, f^] - S, /''\^ , where q, ^ q*"""-) and t, = g(".'".)'«. = qh. ^ 



b 

^(_j^)fcg(fc)g^g(b-/c) ^ for i ^ j and 6 = 1 - {h^, a^). 



k=0 
b 



E(-l)'/^'^/^/^'"'^ = for * ^ J and 6 = 1 - {h„ a,). 



k=0 



Here we use the following notations: [m\i — — — %-;-, [k]i\ — JJ [mji, and e^ ' = e*^/[A:]i!, f\ ' = //^/[fcji!. 



It is well-known that Uq{Q) has a Hopf algebra srtucture with a comultiplication A defined by 



For fc < 0, we put ef ^ = /f ''^ = 



A(e,) . 


= e^^t^'^ + l^ei, 


A(/.) = 


= /^®l+i^®/^, 


A{q'^) -- 


= q'^^q'^. 



for alH £ /, ft, £ P*. The tensor product of two [/q(g)-modules has a stucture of C/^ (g)-module by this 
comultiplication. 



3.1.2 Definition of crystal bases [3] 

For [/q (g)-niodulc M and \ <E P, the A- weight space of M is defined by Mx ~ {u E M \ q^u = 
q{h,\)^ for ah h G P*}. For J C I, let Uq{Qj) be the subalgebra of Uq{Q) generated by a, fi, U and 
i^^ (i G J). We say that M is integrable if Af = ^^^^pM^ and M is a union of finite-dimensional 
[/q(grjj)-modules for each i E I. By the representation theory of Uq{sl 2) any clement u G M\ can be 
uniquely written as 

k>0 

where Uk G kcre^ fl M\^kai- We define the Kashiwara operators e^ and fi on M as follows. 

ti Uk, 

f.u = J2.fr''uk. 

Let A be the subring of Q{q) consisting of the rational functions regular at q = 0. A crystal lattice of 
integrable C/q(0)-module M is a free A-submodule of M such that (1) M ^ Q{q) (g)A L, (2) L = ©AeP-^A 
where L\ = LC\ Mx, (3) e^L C L, fiL C L. A crystal base of the integrable C/g(0)-module M is a pair 
L, B) such that 

i is a crystal lattice of M, 

_B is a Q-base of L/qL, 

B = UxepBx where Bx = B n (Lx/qLx), 

i,BcBU{0}J,BcBU{0}, 

for b, b' e B, b' e fib if and only if 6 = eib' for i G /. 

We sometimes replace (ii) by: Bps = B' Li {—B') where B' is a Q-base of L/qL. We call [L, Bps) a crystal 
psuedo-base and Bps/{±1} the associated crystal of {L,Bps). 

For a dominant integrable weight A G P+ = {A G P | {hi,\) < for all i}, let V{X) denote the 
irreducible integrable Uq{g)-uiodu\e with highest weight A. Let ux be the highest weight vector of V{\), 
and let L{X) be the smallest A-submodulc of V{X) containing ux and stable under /^'s. Set B{X) ^ {b <E 
L{\)/qL{\) I fo == /ji • • • ./i,UA mod qL{\)} \ {0}. Than (L(A), B{\)) is crystal base of V{\). Crystal graph 

is an oriented colored ( by I ) graph with B{X) as the set of vertices and colored arrow b — > b' if and 
only if b' = fib (hence iib' ~ b). Then graph completely describes the actions of ii and fi on B{\). For 
b G B{\), wc set 

£,(6) = max{fc> | ef 6 7^ 0}, 

^,(6) =max{fc> 1/^6^0}. 

Note that B{X) = Up^pB{\)p and for b G B{\)p, we have {hi,wt{b)) = fiib) — Si{b), where wt(6) = ^ 
denotes the weight of b. 

Proposition 3.1 Let {Lj, Bj) be crystal bases of integrable Uq{Q)-modules Mj [j = 1,2). Set L = Li ^a 
L2 C Ml (g)M2 and B = {61 (g)&2 | 6j e B^ (j = 1, 2)} C L/qL}. Then {L, B) is the crystal base ofMi®M2 
and the action of fi, ii is given by 



ei{bi®b2) = 



fibi ® &2 ifViih) > Siih), 

h ® fib2 iffi{bi) < ei(&2), 

eibi(g)b2 if (fiiibi) > ei{b2), 

&i®ei&2 if (pi{bi) < ei{b2). 



Corollary 3.2 For bj G Bj {j = 1,2), we have 

£,(61(8)62) = max(ej(6i),ei(62) + ej(6i) -</?j(6i)), 
fiih'^h) = max((^i(62),(^i(6i) + </?j(62) -£4(62)). 

Proposition 3.3 Let {Lj,Bj) be crystal bases of integrable Uq{g)-modules Mj (j — l,...,N), and let 
{flfe} be the sequence defined by ai = 0, a^+i = a^ + (pi{bk) — Si{bk+i). Then we have 

fi{bi (g) • ■ • (g) 6Ar) = 61 (g) • • • (g) 6fe_i (g) /j6fe (g 6fe+i (g • • • g) 6jv, 
where k — max{j \ aj — min{ai, . . . , un}}, 

ei(6i (g • • • g) bN) = 61 g) • • • g) 6/_i g) 646/ g) 6;+i g) • • • g) 6Ar, 

where I — min{j \ aj ~ min{ai, . . . , a^}}. 

We regard integrable Uq(g)-niodu\e M as a union of finite dimensional [/^(grji )-module for any i G /. Let 
uq be the base of trivial representation of Uq{5l 2)-module, and let u+, U- be a base of 2 dimensional 
Uq{sl 2)-module which satisfy 

fu+ =U-, 

where / is one of generators of C/g(s[ 2)- 

In order to calculate the action of ii and fi on tensor products, we will use u+, u_ and uq. For that 

purpose we prepare the following. Let _B be a crystal base. Let 211 be the set of words generated by u+. 

Definition 3.4 For i E I we define a map 

*i : B ^ an 

as follows: 

(1) for b G B such that iib = fib = 0, we define 

*i(6) = uo, 

(2) if bk is an element of a maximally connected i-colored crystal subgraph 61 — > 62 — > ■ ■ ■ — > 6„ 
where n G Z>2, we define 



We extend *j to 6'^ g) • • • g) 6'^ G B'^'^ , N G Z>o, by 

4',(6'i g) • ■ • (g 6^) = *i(6'i) • • • *i(6^) = ui • • • UAT, 
where, *j(6'j.) = Uk G 2IT. 

For V ~ vi ■ ■ -viyi G 2n, wc define the length of the word v by l{v) ~ N' . Let *Tt be the set of words 
generated by Z>o. 

Definition 3.5 We define a map *^ : B^"^ -^ <yi by 

*^(6'i . . . ® 6^) = i'(*.(bi))2'(*.(^^)) . . . Ar'(*.(b«)) 

For r = ri • • • tat// G Vt, wc also define the length of the word r by l{r) ~ N" . 
We put Wj ^ {v em\ l{v) = j}, DTj == {r G DT I ^(r) == j}, where j G Z>o. 
Take words v = vi ■ ■ ■ Vm G 2IFm, r = ri ■ ■ ■ ru G DTm, where M G Z>o. We put 

s = H{s' I ws' = uo, 1 < s' < M}, 

{mi, m2, . . . , ms} = {s' | Wj/ = uq, 1 < s' < M}, 
where 1 < ttii < 7712 < • • • < vris < M . 



Definition 3.6 We define a map 

Redo: U {W,xm,)^ \J (W, x m,) . 
jez>o jez>o 

The map Redo delete all Vrm which equal to uq in v and r™. in r. Namely we can express 

Redo(w,r) = (Wl • • -Vmi-lVmi+l ■ ■ ■Vm.-lVm.+l ' ' -VM.Ti ■ ■ -rmi-irmi + l ' ' ' ^m, -iJ'm.+l ' ' •?'m)- 

We define 

min{?7i I Vjn — u_|_, Vm+i = W-} if tliere exists m such, tliat Vm — u_|_, Vm+i — u_, 
° '0 otlierwise. 

Definition 3.7 We define a map 

Red+: y (2U,x^,)^ |J {W^xm,), 
iez>o jez>o 

forv^vi--- VM G 2Um, r = ri • • • tm e 5ft7\/ &2/ 

(ui • • ■ Wsn-iWso+2 • ■ ■ wjif, ri • ■ • rso_irso+2 • • ■ rAi) if sq > 1, 



Red+(w,r) = >, / n -.<• n 



Definition 3.8 We define a map 

Red : |J (20^ x DTj) ^ |J (2Uj x fTlj) 
j6Z>o iez>o 

by 

Red = Red" Redo, 

where n G Z>o smc/i f/iaf n = min{n' | Red!^ {Redo{v,r)) — Red^ (i?edo('U, ?"))}■ 



By Definition 3.8, we can denote 

Red (*,(&), *,(&)) ^ K«^ ...«;,„ r'lri •■• rl,,) 
wliere M' G Z>o. Let Vy^, Pr^ be a projection of Ujgz(2nj x Dlj) to 20, 91 respectively. We define a map 

Red, : B®^ -^ W, 

by 

Red, = Pr^-Red(*„*,^) 
We define a map 



by 
We set 



Red^ : B®^ -^ «n, 

Red„ =Pr,^ •Red(*„*,0 

min{s' I v'^i — u^} if there exists s' such that v'^, ~ u+, 
otherwise, 

max{s' I v'gi = w_} if there exists s' such that v'^, = m_ 
^ otlierwise. 



Proposition 3.9 For h^hi® ■ ■ ■ ®hN & B®'^ , we h 



ave 



f (h) - I 61 ® • • • fXi fibr,^ • ■ • &7V if s+ > 0, 
^^"lO ifs+^0, 

~ n^ ( bi'S) ■ ■ ■ (® eiW, ® ■ ■■ ®bN if s^ > 0, 



For 6 = 61 «) • • • (g) 6Ar G B®^", we denote *»(6fc) = u_^ "'ul"^^ "' . Then we see that Proposition ^ and 



Proposition 3.9 are equivalent 



Re mark 3.10 For b = 61 (g) • ■ • ® &Ar, we denote Redi(&) = u™^^u2'^ (m-i, Tn2 G Z>o). T/ien 6y Definition 



3.4 and Proposition 3. 



Siib) = mi, 

<^i(6) = TO2- 

Example 3.11 FKe assume 6 = 61 ® 62 (8> &3, ^i(foi) = wi = u-u+u+, ^i(&2) = U2 = uo ay^c? ^^(63) = 
U3 = U-U+. We calculate fib as follows: 

*,(&) = ^.,{b,)^^{b2)^^{b3) 
= U1U2U3 

*^(fe) = 111233, 

Redo(*i(6),*,i(6)) = (u_u+m+u_u+, 11133), 

Red(*,(6),*,,(6)) = {u^u+u+, 113), 

Redi(5) = M_u-|-M+. 

Then we have s_|_ = 2, and that s^-th integer of the word 113 is 1. Therefore, 

hb= (/»6i) (8)62 063. 

3.1.3 Crystal bases for C/,(A2)-module[6] 

/ 2 -1\ 
Consider the finite dimensional simple Lie algebra of type A2 with Cartan matrix I —1 2 J , Let us 
denote by {ai,a2} the set of simple roots and {hi, /12} the set of simple coroots. Define A^ e t)* (i = 1, 2) 
by Ai{hj) = (Sy , (j = 1, 2). We put P = ZAi ® ZA2, P* = Z/ii © Z/12. Thus any dominant integral weight 
A G P-|_ is of the form A = mAi + nA2, {n, m G Z+). We define a non-degenerate symmetric bilinear form 
(,) on f)* by (q;i,q;i) = {ci2,ct2) ~ 1, {cti,a2) — (Q;2,ai) = —5, {hi,ctj) is the (i,j)-th element of Cartan 
matrix and set ti = q''* for i == 1, 2. Then the corresponding quantized universal enveloping algebra Uq{A2) 
is the associative algebra over Q(g) generated by a, fi, ti, t^^ (i — 1,2) satisfying the relations: 

titj = tjti, tjtj^ = '■i = '■j ^ Ij 

t,e^t^'^<^^-'^^h„tj,tr^^^^--^)f^, 

t- - 17^ 



q-q 



e, - e.e,e, + e,ef ^ = fj'^f, - fj,f. + f,ff^ = (* ^ j). 



Let V be the 3-dimensional Q(g)-vector space with a basis "^ [T], [2], [s] ? ■ We define a Uq{A2)-modu\e 
structure on V as follows: 

ei0 = 0, ei0 = 0, ei0 = 0, 

e2|T| = 0, e2[2] = 0, e2[3] = [2], 

/i0 = 0, /i0 - 0, /i0 = 0, 

/20 = 0, /20 - 0, /20 = 0, 

t20 = 0, i20 = g0, t20 = g-^0. 

The module V is isomorphic to the integrable highest weight Uq{A2)-uiod'a\e l^(Ai) with highest weight 
Ai and highest weight vector [T]- 

Proposition 3.12 Put 

L(Ai)=A0®A0©A0, 

i3(Ai) = {0,0,0}. 
Then (L(Ai), _B(Ai)) is the crystal base of V{Ai). The crystal graph -B(Ai) is given by: 

0^0^0. 

Define an ordering on the set B{Ai) by 

0^0^0 

We write — for 00 (a -< b). Similar to the i?(Ai)-case, the crystal graph B{A2) is given by: 



2_ 


2 

> 


_3_ 


2 

!■ 


_2_ 
_3_ 



Proposition 3.13 The crystal bases of B(inAi+nA2) is given by the set of semi-standard Young tableaux 
of the same shape 

B{mAi + nA2) 



&',"+" 




br 


61 




bl 


u^ 




62"+' 









ble {1,2,3}, bl<br\bi<bi 



In particular, highest weight element b G B{m\i + nA2) is given by 



6 = 



1 




1 


1 




1 


2 




2 









By Definition 3.4 we have 



{""+ \i i — j, 
7i_ if i + 1 = j, 

uq otherwise. 

An element b of B{mAi + r7,A2) can be expressed in the form 



0«)---0«) ( 



™+l 


«) 


b"^+' 



(^^<E)^^] e B{Ai) 



5rn+2n 



Then using Proposition 3.9, we have the action of e^ and fi. 



3.1.4 Crystal bases for C/,(G2)-niodule[7] 

. P -1 
Consider the finite dimensional simple Lie algebra of type G2 with Cartan matrix V —3 2 
Let {ai,a2}, {/ii,/i2} be the set of simple root and simple coroot respectively. Let (), A^ {i = 1,2), P and 
P* be Caltan subalgebra, fundermental weight, weight lattice and dual lattice, respectively. We define a 
non-degenerate symmetric bilinear form (,) on ()* by {ai,ai) = 3, (a2,a2) = 1, (ai,Q;2) — (a2,ai) = — f, 
{hi, aj) is (i, j)-element of Cartan matrix and set qi = g("*'"»), ti = q'^' for i — 1,2. Then the corresponding 
quantized universal enveloping algebra Uq{G2) is the associative algebra over Q((j') generated by e^, fi, ti, 
t~^ {i = 1,2) satisfying the relations: 

titj — tjti, tjt^ = tj = tj = 1, 

'■i'^j^i ~ 'ii ^3'''iJj''i -~ 'ii Jj^ 

t. _ tri 

i^ii Jjl ~ "ij ~^ 

ei'^e2 - 616261 + e26f ^ = /f \/2 - /1/2/1 + /2/f ' = 0, 



^(-l)"6r)6i6r") = ^(-l)"6r)6i6r") ^ 0. 



n=0 n=0 

Let V be the 14-dimcnsional Q(g)-vector space with a basis 



{0,0|z = l,...,6}u{0,y}. 

We define a C/q(G2)-module structure on V as follows: 

61 [2] = [H , ei [5] = [I] ' ei [ol] - [2]2 [6],6i[I]= [fe] +7^0, 

610 = 0,610 = 0, 

620 = [3]20, 620 = [2]20, 620 = , 62 = [2]2 , 

620= +11^0,620- [3]20,620= [2]2 , 62 = 0, 

/10= 0,,/l0= 0,/l0= +|^0> 

/i0= [2]20,./i0= 0,./i0= 0, 

/20- 0,/20- [2]20,/20= [3]20,./20= +{|;0 , 
/20= [2]20,/20 = 0,./20 = [2]20,/20= [3]20, 

^10 = 9i , ii = ^r^ , ii - , ^1 = 9i , ^1 = ^r^ , 

ii = ^r^ , ii = , ii = , ii = ?r^ , 

ii = 91 , ti = gr' , ti = , ti = 91 , ti = c' , 

^2 0= . ^2 == ?i , i2 = 92 > *2 = 92^^ , t2 = 9i , 

^2 = 92"^ > *2 = , i2 = , ^2 = 9i , 

^20 = 92"'0,i20 = 920, i20 - 92"'0,i20 - 92^' , ^2 = 0- 
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The other cases, b € B{Ai) is annihilated by e^ or fi. 

The module V is isomorphic to the integrable highest weight Uq{G2)-niodu\e F(Ai) with highest weight 

Ai and highest weight vector [T]- 
Proposition 3.14 Put 

L(Ai) = (a0 ® A0) A00 A^, 



S(Ai) = {0, A0|z-l,2,...,6)u{y, y}. 
Then (L{Ai), B{Ai)) is the crystal base of V{Ai). The crystal graph -B(Ai) is given by: 



&^-&^-[^ 




^^m^^m^-m 



Define an ordering on the set -B(Ai) by 



0-<0-<0^0-<§^§^@^S^^^^-<S. 



02 6 



We define the map sgn, Xi, and Xi 
For a £ R, we define sgn(a) by 



sgn(a) 



a^O, 



a = 0. 



For b - 



hi 



6^, we define Xi{b), Xi{b) by 

a;^(6) = H{y = 0| A: = l,...,n} (i = 1, 



,6,0i,02), 



^.(&) = tt{y-H| fc=l,...,n} (^ = l,...,6). 



b 






- 6i ••• 


6^ 








= &i i^- 


■<»0 


^ 







Proposition 3.15 T/ie crystal bases of B(n Ai) is given by following set of restrected semi- standard Young 

tableaux: 

bk^hk+i{k^l,---,l^l) 

xr,{b) +a;oi(6) + Xq^ +X5{b) <l, 

X3{b) + X4ib) + X5{b) <1, 
X5{b)+X4{b) + X3ib) < 1, 

X5{b) + sgn{xe{b)) + xq^ (&) < 1, 
xo^{b) + sgn{xe{b)) +X5(&) < 1 

By Definition |3.4 we have 

*i (|T|) = u+, *i ([2]) = M-, *i ([3]) - uo, *i (0) = u+, 

*i (iZl) = "-' *i ([6]) = "+' *i ([Oi]) = "0' *i ([O2]) = "-"+' 

*l([|])=M+, *i([T])=U-, 
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*2 (0) = ?4, *2 ([e]) = M^, *2 ([0^) = M_W+, *2 (y) = Uo, 

^2{m)=<^ ^2{m)=^-' ^2{\j})=^-^i^ ^2{m)=^-^+^ 

*2(0)=W'_, *2to)=«0- 



(3.1.1) 



3.1.5 Affine crystal 



Here we recall the definition of affine crystal. Let g be an affine Lie algebra over Q with an indecomposable 
generalized Cartan Matrix. Let c S X]i^>o')i be the canonical central element. Let {ai \ i G 1} C t)* 
be the set of simple roots, and let {hi \ i & 1} C i) he the set of coroots. Let S G J2i ^>octi be the 
generator of null roots. Set t)^; = ®ig/ Q^^i ^ f) and ()*; = (©jg/Q^i)*- Let cZ : ()* ^ ()*; denote the 
canonical morphism. We have an exact sequence -^ QS ^ t)* ^ ()*; -^ 0. Fix io <E I and take an 
integer d such that S — dai„ G "^i-a '^o^i- For simplicity we write for Iq. We define a map af : t)*i -^ t)* 
satisfying: cl o af — id and cl o af{ai) — ai for « ^ 0. Let Aj be the element of f)*; C i)* such that 
{hj,Ai) — Sij. Hence we have ai = ^Ahj,ai)af{Ai) + Si^od~^5. We define P = ^^ Zaf{Ai) + Zd^^6 C i)* 
and Pel = cl{P) C f)*;. An element of P is called an affine weight and an element in Pd is called a classical 
weight. Let U' {2) be the quantized universal enveloping algebra associated with Pd- A P- weighted crystal 
is called an affine crystal and a Pci-wcighted crystal is called a classical crystal. Let Mod {q, Pd) be the 
category of t/'(g)-module M satisfing the following conditions: 

M has the weight decomposition M — (B\^p^iM\, 

and 

M is finite-dimensional over Q((7). 

For a C/^(0)-module M in Mod^ {Q,Pd), we define the t/q(0)-modulc AS{M) by 

Aff(M) - ®AepAfl[(M)A, Aff(M)A = Md^x) for A G P. 
The actions of e^ and fi are defined by the commutative diagrams 



Aff(M)A - 


^ Afl[(M)A+«. Afl[(M)A 
;| and l\ 


J» , 


Aflt(M)A-„. 


Me/(A) " 


■^ Md(\+a,), Md{X) 


— — > 


Md(\^a,)- 



We define the t/' (g)-linear automorphism T of Aff(M) by 



Aff(M)A ^ Afl[(M)A+5 

;| ^ ;l 

3.1.6 Quantized universal enveloping algebra Uq{G2 )-niodule 

2-10 

(1) . .1-12 -1 

Consider the finite dimensional affine Lie algebra G2 with Cartan matrix In —3 2 

Let {ao,ai,a2}, {^^0,^1,^2} be the set of simple root and simple coroot respectively. Let f) and A^ {i — 
0,1,2) be Caltan subalgebra, fundermental weight, respectively. We define a non-degenerate symmetric 
bilinear form (, ) on f)* by {ao, ag) = (ai, ai) = 3, (a2, 0:2) = 1, (ao, ai) = (ai, ao) = (ai, 02) = (a2, ai) = 
— |, {hi,aj) is (i, j)-element of Cartan matrix and set qi = g("»'"*), ti = q'^' for i = 1,2. Canonical central 
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element is c = ho + 2hi + /i2- Then the corresponding quantized universal enveloping algebra Uq{G2 ) is 
the associative algebra over Q(<7) generated by ei, /i, U, t~^ {i = 0, 1, 2) satisfying the relations: 

titj = tjti, tjt,^ = tj = tj = 1, 

n=0 n=0 

3.2 Perfect crystal [9] 

Let _B be a classical crystal. For b ^ B, we set e(6) = X^i^il^)^*' ^'^'^ ¥'(^) ^ X^i "(^il^)^*- Note that 
wt(6) = (p{b) - e{b). Set P+ = {A G P^ | {K,\) > for all i £ 1} and for I e Z>o, let (P+), = {A e 

Definition 3.16 (Definition 4.6.1 in |]) 

For I G Z>o, we say that i? is a perfect crystal of level I if 

(1) B (^ B is connected. 

(2) There exists Aq G Pd such that wt{B) G Ao + J2iM '^<ocl{cti) and that tJ(-BAo) — 1- 

(3) There is a finite dimensional [/' (0)-module with a crystal pseudo-base {L, Bps) such that 
B ^ Bps/ ± 1. 

(4) For any & G i?, we have {c,e{b)) > I. 

(5) The maps e, ip : Bi = {b e B \ (c, e(6)) = 1} ^ (-^d)' ^^^ bijective. 
The elements in Bi are called minimal elements. 

Definition 3.17 Let M be a Uq{g)-module. A symmetric bilinear form (, ) on M is called a prepolarization 
of M if it satisfies for u, w G M : 

(i) {q''u,v)^{u,q^v), 

(ii) {eiu,v)^{u,qr'^tj'^fiv), 

(in) {fiU.v)^ {u,ql'^tieiv). 

A prepolarization is called a polarization if it is positive definite. 

Lemma 3.18 (Lemma 3.4.4 in [i) 

Let M be a U'{g)-module in Mod/ {q, Pd) . Assume that M has a crystal pseudo-base {L,B) such that 

(i) there exists A G Pd such that t|(i3/{±l})A = 1, 
(ii) -B/{±1} is connected. 
Then M is an irreducible U'{g) -module. 
Let us introduce the subalgebras Az and K^ of Q(g) as follows: 

Az = {fiq)/9{q) I fiq), g{q) e Z[g], 5(0) = 1}, 
Kz = Az[q-\ 
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Proposition 3.19 (Proposition 2.6.2 in g) 

Assume that q is finite dimensional and let M be a finite dimensional integrable Uq{g)-module of M . Let 
(,) he a prepolarization on M, and Mkz o, Uq{Q)-suhmodule of M such that {MkztMkz) C Kz- Let 
Ai, . . . , Xm £ P+ (Afc — X], '^kj^j, o,kj G Z>o, fc = 1, . . . , 77?,), and we assume the following conditions. 

rn 

(i) dim Af^^ < ^ diinV{Xj)\^ for k ^ 1, . . . ,m. 

i=i 

(ii) There exists Uj £ {Mkz)xj [j — ^t ■ ■ T^n) such that {uj,Uk) G Sjk+qA and {ciUj, CiUj) G qq^'^(^+y'-''-'^i>>A 
for all i G I . 

Set L = {U e M\ {u, u) G A} and set B = {b e Mkz n L/Mkz H qL |(6, 5)o = !}• Then we have 

(i) (, ) is a polarization on M , 

(ii) M^®V{Xj), 

(iii) (, )o is positive definite, and {L,B) is a crystal pseudo-base of M . 

Lemma 3.20 (Lemma 4.1.2 B) A polarization (, ) for Kac-Moody Lie algebra with symmetrizable Cartan 
matrix satisfies following relations. 

(i) Let b be a global base which satisfies Cib — and {hi, wt(b)) ~ 1. Then (b, b) = (fib, fib). 

(ii) Let b be a global base which satisfies Cib = and {hi,wt{b)) = 2. Then {b,b) = [Jl b, fl b) = 
qr'[2];\f,b,f,b). 



(iii) Let b be a global base which satisfies eib = and {hi^wt{b)) ~ 3. Then (b^b) — {Jl b^ fl b) — 

9-'[3]-'(/f^fc,/f) = g-'[2]-^(/.&,/.&). 



The existace of polarization for Kac-Moody Lie algebra with symmetrizable Cartan matrix is proved in 
Proposition 3.4.4 ||]. 

Proposition 3.21 (Proposition 3.4.5 in S) 

Let m be a positive integer and assume the following conditions: 

(i) {hi, IXq + jaig) > for i ^ io and < j < m, 

(ii) dim(Vi);Ao+feQio < Sjlo d™ V^(?Ao + jaiji\^+ka.„ for < k < m, where V{X) is an irreducible 
Uq{gi\i„) -module with highest weight X, 

(iii) There exists ii G I such that {« G / | {hi^, ai) < 0} = {ii}, 

(iv) -{hi„,lXo ~a^i) > 0. 

Then we have 

Vi = ®f=QV{lXt^ +jaio) as a Uq{Qi\^i^^) -module, 

and Vi admits a crystal pseudobase as a U'Jq) -module. 

4 Level-one representation and fusion construction 

4.1 Construction of the polarization of V^ 

The space V^ = l^(Ai) © V{0) is endowed with a U'{G2 )-module structure as follows. 

/oE= {2],fo\t}= 0,/oE= 0,/oS= @, 
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[3]. 



/20= 0,/20- [2]20,/20= [3]20,/20- 0+kr0 



[2]i 



/20 = [2]2E,/2^ = S, /2S = [2]2^, /2^ = [3]2^ 

eo[6]= [|],eo[4]= |j],eo[3]= |T|,eo[2]= [¥|, 

ei0= ^,eig= ^,ei^= ^ +1^0+1^0' 

610 = [2]2[6], ei0 = g, ei0 = 

620 = E, 62^ = [2]2m,e2m = [312^,620 ~ 



+ fH^ 



620 = [2]20,e20 = 0,620 = [2120,620 - [3]20, 

where is the base of V{0). 
We put 

Let (, )i be the polarization on the C/g(G2)-module F(Ai). We shaU define a symmetric bihnear form 
(,)onV^iby 

(0u) = (ti,0) =0 ueViA,), 

(□,□)- 90 [2]o (00)^, 

(m, v) — {u, v)i M, w e V'(Ai). 



By Lemma 3.2C, we have 

(0,0) = 'Z2"'[3]2"' (00) = 92"'[3]2"M2]2-i (00) = gr'[2]r' (0,0) 



.(1)^ 



where ai — 1,2,6,6,2,1, 02 = 3,4,5,5,4,3. It foUows that (, ) is a polarization on the U'JG^ )-module 

Therfore we see that B^ is a crystal base and Kashiwara operators act as follows. 

/o0= 0,/o0- 0,/o0= 0,/o0= 0,/o0= 0,/o0= [2]o0, 
/i0= 0,/i0= 0,/i0= /i0= [2]20,/i0= 0,/i0= 0, 

/20= 0,/20= [2]20,/20 = [3]20,/20= 0,/20= [2]20,/20= 0, 
/20= [2]20,/20= [3]20, 

60 0= 0,60 0= 0,go0= 0,60 0= 0,60 0= 0,60 0= [2]2 , 

610= 0,610= 0,gi0= 0,ei0= [2]2 0, 610 = 0, gi0 = 

62 = , 62 = [2]2 , 62 = [3]2 , ^2 = , ^2 = [2]2 , 62 = , 
6~20= [2]20,g20 = [3]20, 

By checking of conditions of Definition J3.16 , we have following proposition. 
Proposition 4.1 B^ is a perfect crystal of level 1. 
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4.2 Decomposition of the tensor product 

The tensor product V^ ® V^ is decomposed in the following way: 

{V{A^)(BV{Oj)^{V{A^)®Vm 

= F(2Ai) © T/(3A2) © l^(2A2) ® F(Ai)®3 © T/(0)®2. ^^'^'^^ 

Lemma 4.2 Following vectors U2Ai, u^a^, U2A21 "aii u^ji u^j: ""o ^^"^ ""o ^'^^ ^-^^^ highest weight vectors 
with the weights 2Ai, 3A2, 2A2, Ai, Ai, Ai, and respectively. 

■U2A1 = [T] «) [T], 

M3A2 = [T]«)[2]-g-'^[2]®[T], 

U2A. = 0®0-g^0®0+|}^g^0®0-9^0®0 + g^"0®0, 



4 = □<»□ 



u, 



1 .^ ^ 1 



4.3 Calculation of the i?-niatrix 

Let V^ be t/^(g)-niodule Q[x,x^^] ® V^^ with the actions of Ci, fi, and t^ given by x^'°ei, x'~^^° fi, and i^ 
respectively. The i?-matrix for V^ is an invertible Q\x,x~^ ,y,y~^] (E> C/q(G2)-linear map 

R{x, y) ■.V^(E)Vy^Vy(g> 14 

satisfying following properties. 

(1) i?(x,y)eQ(g)[a;/y,y/a;]®EndQ(,)(yi®yi). 

(2) {R{y, z) ® 1)(1 ® R{x, z)){R{x, y) ® 1) = (1 ® i?(a;, y))(i?(a;, z) ® 1)(1 ® i?(y, z)). 

(3) i?(x,2/)i?(2/,x)eQ(g)[a:/2;,y/a;]. 

By the decomposition 4.2.l| , C/q(G2)-linearlity and R = R{x, y), we have 



3 2 

i?KJ = E4< (» = l'2,3),i?K) = ^a° li^o (* - 1,2). 



(4.3.1) 



Consider the highest weight vectors given in Lemma 4.2. Then we have in V^ ® Vy: 
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1. /(i'\/i/f\/i4, - [2]ig-3x-iy-iM2A,, 

2. .fli'\fi.fi'\fiul, - [2lq-^x-^y-hi2A„ 

4. eie^^'epe^^'eoe^^^e^^^eiCoUAi = [2]i2;(a; + y)u2Ai, 

5. eie^^'epe^^'eoe(2)e^^^eieoUAi = [2]ig"'^a;(a; + y)u2Ai, 

6. eie^'^ef'ef eoe(2)43)g^g^^^^ ^ [2]2g^(g4 + l)(x - q''y)u2A,, 

7- /oWai == [2]ig"®y"^u2Ai, 

8- /oWai = [2]ia:;"iu2Ai, 
9. /o<, = 0, 

10. f^^^ul^[2]lq-^x-^y-^U2M, 

= [2]2(g4 + ^2 ^ l)g-8(gS/ + x^)xyU2A, , 
io f(2) /•(6) ^(4) „(6) ^(2) ^(2) „ ^(2)^ f f f f{3) r /• 2 _ 

J^'J- /i h h h h Jo nh hhJoJih /i/oWo - 

[2]29-^"(9" + q^ + l)((g'' + g^*)y' + {q' + l){q'' - q'^ + q'^ - 2q'" + q^ - 2q' + q* - q^ + l)xy + 
{q^ + l)x'^)xyuA^, 

14. ./o^'\/l/f './f Vi'^"3A. = q-'(x - q'y){x + y)x-^y-^u,A„ 

15. /f /l,/f /Vi'^"2A. - q-'{q' + q^ + l)(x - q^y){x - q''>y)x-^y-'u2A,. 

From these equations and the relation [i?, A(X)] = (X G Uq{G2)), we obtain 
a^AAq'y, X, (g4 + l)[2hqHx - q'y)) = [q'x, y, [q* + l)[2hqHy - q'x))%a^), 

a2Ai(a;, y, 0) == (y, x, 0)*(ay-')> 

a2Admiq', {x^ + q'"y^)q-'x-'y-') = {[2]lq^ , {y^ + q^^x^)q-^x-^y-^)\a%), 

a2Ai{si{x,y), S2(x,y)) ^ {si(y,x), S2{y,x))\a^j), 

(x - q^y)a2Ai = a3A2(y - q^x), 

{x - q^y)(x - q^°y)a2Ai = a2A2 (y - q^x){y - q^°x), 

where 

siix,y) ^ [2]i{q* -a^ + l)ix^ + q'^y^) 

S2{x, y) ^ (g22 + ^18),/ ^ (^6 + i)(^l6 _ ^14 ^ ^12 _ ^q^^ + q^- 2q^ + q'' - q^ + l)xy + (g^ + l)a;2. 

Let P2A1, -P3A2, ^2A2, Pu\ {i = 1,2,3) and P„. {i = 1,2) be the projection from V'^ ® V^ to y(2Ai), 

y(3A2), V(2A2), t/q(G2)wX^ {i = 1,2,3) and C/g(G2)uo (^ == 1,2) respectively. 

Proposition 4.3 Put z = xy^^. Since the i?-matrix R{x,y) depends only on x/y, we denote R{z) — 
R{x, y). Then we have 

R{z){,U2A,) = (l-gi'z)(l-gi°z)(l-g^z)(l-g*'z)u2Ai, 
R{z){u^A,) = (l-q'^z){l-q^'>z){l-q'z){z-q'')u3A,, 
R{z){u2A,) = (l-q^^z){z-q^'>){l-q^z){z-q'')u2A,, 
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R{u\,) = E4< (^ = 1,2,3), 

2 

i?K) - E<"o (^-1,2). 
Here (a^^^ ) and (a^^ ) are given by 

0^2^ = (1 - q^'^z)q^{l - z){q^'^z'^ + (g^^ - g6 _ ^4 _ ^2^^ _,_ ^^^^ 

4i^{l-q^^z)q^{q^-l)z{z-l), 

a^l = (1 - gi2z)g6(i _ z^iq'^ z^ - (qW + cf + q"^ - l)z + 1), 

flAi = (1 - gl2z)(g6 _ l)(^2 ^ l)^((_5l6 + ^14 _ ^12)^ ^ (^10 + ^6 _ ^4 ^ ^2 _ i))^ 

a^3^=(l-gi2^)g3(96-l)(z-l)z, 

4l - (1 - gl2^)g«(9l2 - 1)(<74 + l){q2 + i)z{l - z){z - q^), 

4^ = (1 - gl2^)g3(gl2 _ 1)(54 + i)(^2 + i)(i _ ^)(^6 _ ^)^ 

a^gi = (1 - gl2^)(z - (/e)((76^2 + (^18 _ ^12 _ ^10 _ ^8 _ ^6 ^ 1)^ ^ ^12)^ 

a0i = g30;^4_^24(^4^1)(^2^1)^3 + (^36_^30^^22^^20 + 2gl8 + (7l6 + gl4_56 + l)^2_^6(^4^1)(^2^1)^^^6^ 

a",, = -q^{q'^-l){q^ + l){l-z){l + z)z, 

flO^ = _g3_2!_^(i _ z)(l + Z)((g22 + qlS) + (^40 _ ^38 + ^36 _ ^34 _ ^30 _ ^26 _ ^20 _ ^14 _ ^10 _ ^6 + ^4 _ 

g2 + l)z+(g22+gl8)22)^ 

a§2=g30_^24(^4^1)(^2^1)^^(^36„^30^g22^^20^2gl8 + ql6 + ^14_g6^1)^2_^6(g4^1)(g2^1)^3^g6^4_ 

4.4 Fusion construction 

Let I be a positive integer and 6/ the symmetric group of order I. Let Si be the simple reflection (the 
permutation of i and z + 1). Let l{w) be the length of w £ 6;. Then for any w & &i, we can define 
Rw{xi, ...,xi):Vxi(E)---<E)Vx,^ T4„(i) <S) ■ ■ ■ <S) T4„(,) as follows: 

i?i(xi,. ..,Xl) = l. 

Rsiixi, . .. ,xi) ^ i ®j<iidy^^ j ® i?(a;i,Xi+i) ( 0j>i+iidy^^ 
For w, w' with l{ww') = l{w) + l{w'), 

Rww'[xi, ■ ■ ■ ,xi) = Ryji[x^(j-^, . . . , x^(j-^) o R^[xi, . . . ,xi). 
Fix r e Z>o. For each I e Z>o, we put 

R,^R^,„{q^-^'-'\q^^^-'\...,q-^^'-'^): 

where wq G &i is the permutation given by i h^ / + 1 — i. Then Ri is a t/'(0)-linear homomorphism. We 
define 

1^ = Imii-i. 



Hence taking Ai — 2Ao as Aq in Definition 3.16| . By Proposition 13, we have 



ip{z) = (1 - gi2z)(l - gi°z)(l - g**z)(l - q^z). 
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Puting 
We see that 



r = 3. 



^{q ) does not vanish for any fc > 0. 



By Proposition 4.3, we see 



2 

^(9"')(«2aJ = 0, 
R{q^^){ul-ul) =. 0, 

Riq'niul) = 0, 



i?(g"')('z'(<z''-<z' + i)«o-(9' + i)«o) 



0. 



The n N — ker R{q^^) contains wsAa, U2A2, ""^^ — u\^, u\^ and (7'^(g^^ — g® + 1)mJ — (g^ + 1)wq. Therefore 
by (4.2.1), we have 



Then we have 



N ^ C/g(G2)w3A2 © t^9(G2)M2A. ® ^9(^2X1 

®C/,(G2)« - O ® t/,(G2)(<z3(ql2 - q« + l)li?, - {q' + 1)4). 



dim(F®V^) = dim I 0t/(jAi) 



{|T|®0 ||T[6]eS(2Ai)} 
ftt{0®G I 0Gi?(Ai)} + «{□»□} 



where a,b £ {1, . . . ,6, 0i,02,6, . . . , 1}. 
Hence, 

dim (f®' /^ V'(E)N^ y®(i-2-») ^ 



KHe^(2Ai) 



^eB(Ai) 



, 0<i < n< / 



JA- 



= dim 0y(jAi) 

\3=0 

By (3.3.10) of §], V^ is the quotient of V"®' /EI^o ^®* «> A^ «> V"^'" 
Therefore we have, 

dim(Vi)A < EdimV^(j(Ai - 2Ao))> 
j=o 
We s et zq = 0, then (/ii, Ao) = 1, (/i2,Ao) = 0, {ii} = {1}, (/io,Ao) = —2. Therefore applying Proposition 
3.21, we obtain the following results. 

Proposition 4.4 

1. Vi has a crystal pseudobase. 

2. Vi ^ © ■=o(^(i(Ai - 2Ao))) as a C/,(G2)-module. 
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5 Perfectness of the crystals 



The algebra C/q(G^ is Q(g)-algebra generated by {e^J^,U,t-;^ (i e I ^ {0, 1,2})}. Let Ug{iG\')j) be a 
Q(g)-algebra generated by {ci, fi,ti,t^^ (i G J C /)}. 

The algebras Uq{{G2 ){i,2}) and Uq{{G2 ){o,i}) are isomorphic to Uq{G2) and Uq{A2) respectively. Let 
Jo — {1, 2} and J2 — {1, 0} be the index set of A2 and 6*2, respectively. We define li : Ji ^ I hy ii{j) = j 
{i = 0, 2). In order to show that the crystal S' is perfect, we have to show the following conditions. 

(1) There exists a crystal base of Uq{G2) isomorphic to Iq{B''). 

There exists a crystal base of Uq{A2) isomorphic to 12 (i?')- Crystal base S' is connected. 



(2) For any b e B\ {c, ip{b)) > I. 



(3) The maps e and ip: 
bijective. 



{be B' \ (c,e(6)) = 1} 



{Pt 



\)i = {A e EZ>oA. I (c,A) = 1} are 



(4) Crystal graph of _B' eg) _B' is connected. 



At first we constru ct cr ystal S' which satisfies condition (1) (§5.2 
in ^H^J, and (4) in j |5^ . 



|). Then we prove conditions (2) (3) 



5.1 Preparation 

Let B^2(A) (resp. ^'^^(A)) be a crystal base of Uq{A2) (rcsp. Uq{G2)) with the highest weight A. We 
write [foj] • • ■ [fe„] instead of Young tableau fei ■ 



We introduce following notations: 



IM 



iwi' 



Then we easily have 



/il6f 



14 (a = l,...,6,0i,02,6,...,l), 

[epIeF, fc = (mod 2), 



= /2I2 



= ei2 



= < 



= < 



[6r^l02j|6j-^ 

[2]*[6]* 
[2f[*][3][6][^ 

[2f[*]^'r4ir6i 



3 2 



k = 1 (mod 2), 

fc = (mods), 

fc = 1 (mod 3), 

I fc = 2 (mod 3), 

fc = (mod 3), 
fc = 1 (mod 3), 



[4]|2f^^^^' fc = 2 (mod 3). 



1 k-2 I 



[wf = [2f [wf-^le] 



/c-3 rr--n2 



m = [6i[wr-i2] 



(5.1.1) 
(5.1.2) 
(5.1.3) 
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,/c-l I 



e~iwf = Mlwt-' 



e~2[w]' 



6 W 



ifc-2 I 



(5.1.4) 
(5.1.5) 
(5.1.6) 



Proposition 5.1 For [c] , [w] ^ , [w] [k £ Z>o), FFe /lawe 



uo, 



Redi([wf ) 
Redi([wf ) 



= Uq, 



Uq. 



Proof We prove (5.1.7). By Definition |3.4| and (3.1.1) we have 



'^'^ ^ui'ut\ 



^icr^')=^2{i6tMm 



Red, 



U^UqU^, 



Uq. 



In a similar way, we can prove ( 5.1.8 ) , ( 5.1.9| ) . 

We use the following notations for b G B^'^{m Ai + nA2), 



l^rn+n 




&r+l 


bT 




bl 


&^+" 




b^' 









e B-'^^ (mAi + nA2) 



= I k"+", br''} ■ ■ ■ ibr\ br'} i&rl • • ■ ibU ] ■ 



The highest weight element is given by 



1 




1 


1 




1 


2 




2 









1 n IT Ti "T' 



(5.1.7) 
(5.1.8) 
(5.1.9) 



a 



(5.1.10) 



1,2 1 



Proposition 5.2 Fix I G Z>o. Take i, j, p such that < i < [^], i < j < I — i, < p < j- Let 
b G B^^{{i + j)Ai + ZA2) be the highest weight element. Let b G B^^ {{i + j)Ai + IA2) be the lowest weight 
element. Then we have 



£2 



^2 



(fi-^'f^b) 



= 0, 



= J, 



IfA^'hb = fi^'-'^^'Ifb, 



f+^-pf+pfp-b 



e\e2 ^b. 



(5.1.11) 
(5.1.12) 

(5.1.13) 
(5.1.14) 
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Proof By Proposition ^.13 , we have 



6 = lll|l,2l1ll'+^' 



& = lli2,3l'[3l'+^' 



We prove (5.1.11), ( 5.1.12] ). Using Proposition ^, we have 



*2(6) - u^+'{uou+y, 



Red2 m 



Then we have 



Similarly, we have 



/^&= 1,3 1 



' r , 11 ^+J 



/r7^^=[[i,3r[2,3r-i2]'^^] 



Using Proposition 3.9, we have 



*2(iiii,3r[2,3]'-i2r^^ 



Red2(|iii,3r[2,3r-i2r+^ 



t-ri ( \l — % i \% 

w+-'(m+u_) (UqW-) , 



Therefore, we have 



-4[[Mr[2,3r-i2r^^]Uo, 



^2l||il,3r[2,3f-l2]'+^||)=j. 



Relations (5.1.13), (5.1.14) can be proved by using 



/i--''/r^/f&=iiii,3r[2,3r"i2r^^-i3] 



D 



Proposition 5.3 Let 6 be the highest weight element of the crystal base B^^ {kKi +JA2) of Uq{A2). Then 
for < 9 < P < j we have, 

/1/2 {niib) = /2/1 [fif^b] 



Proof By (5.1.10), we have 



i,2niri. 



Using Proposition 3.9, we have 



Therefore we have 



^2(&) = ui[uQU+y, 

Red2 (6) = <. 



~ffb = \ll,2r'llA'ht 



Using Proposition 3.9 again, we have 
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Thus we have 



rjfb 



i,2r"ii,3r[ir-^[2r 



{k>q), 



i,2F-ii,3r-'+i2,3r-i2r] {k<q) 



In a similar way we have, 



hh {!!&) = A/2 [rjfb 



p TT -n k—q—1 I 



i,2r-ii,3nir"' [sfiai 



i,2r-ii,3r-^'=-^[2,3r-^-^^[2f-^[3i 



(fc > g), 

(fc < q). 



In a similar way, we have the following Proposition. 

Proposition 5.4 Let b be the highest weight element of B"^^{k Ai + JA2). For 0<p<j,0<s<k, we 
have 

-eiiffr^^'ffb - hfi^'ffb ^ /rv^rvr'fo, (5.1.15) 

ei/rv~r^+7f & = f^^'fr^fr'b + /r^f^^/fs■ (5.1.16) 

Proposition 5.5 Let b be the highest weight element of crystal base B^{kAi + JA2). For an element 
/i /2 ^ (p f^ 9 ^ P + fc); we have 

^2(f!f^b)=j+q-2p. (5.1.17) 



Proof Using Proposition 3.9 we have 



Red 



2(/7/f^)-<+^ 



+p-2q 



Proposition 5.6 For b G B'^^{IA) such that f2b ^ 0, there exists unique A:' £ {0, ... , f2{b) — 1} such that 



MfT'\b)) 



^i(/f'(&)) k<k', 

MfT\b)) + l k>k'. 



where k — Q, . . . ,if2{b) — I- 



Proof Put & = 6i®- • -06/, and rir2 • • •re^(;,)+^j(;,) = Red<„(5). Let ki be ^^^(j,) if £i(fe) 7^ 0, if ei(6) = 0. 
By Proposition 3.3, there exists integers ^2 G Z>o such that 



f2b = 5i 



' f2bk2 i^-'-i^bi. 



First we consider ^i(/2&fc2)i using u+, w_ in Defnition 3.4 



if 6fc. = [2], [5], [6], [4], then ^,{bk,) = ul, ^lihbk,) - ^r^ (n = 1,2). 



(5.1.18) 



if bk, = [3], [4], [Oi], [3], then ^.(b^,) = <', M'i(/2b;.J - <'+i (n = 0, 1). (5.1.19) 

We consider *i(/26). By Remark |ITo|, we have Redi(6) = uj'^''^ul'^''K 
The case of 1 < A;2 < ^i. 



If ( 5.1.18 ), we see that 



Redi(/26)=M' 



- „'^iW~^,,Viib) 



(5.1.20) 



If (5.1.19), we see that the increased u+ is paired with a neighboring u_ and reduced. Then we have 
(|5. 1.201). 



23 



The case of fci + 1 < /c2 < 



If (5.1.18), the decreased u- is paired with u+ in '9i{b). Then we see 

Redi(/26) - ul^^'''<^^''^+\ (5.1.21) 



If (15.1.191) , we see (|5. 1.211) 



Therefore, we have (pi{f2b) equals ^i{b) or (pi{b) + 1. 
Put /26 = 6' = 6'i • • • ® b[. If hb' ^ 0, we have 

hb' = b[(g)---(g,f2bk'^(S---®b'i, 

where k'2 G Z>o. Here the action of /2 is given by changing the leftmost u+ to u_ in Red2(&) and 
Red2(6') = uj^'''^ul'^'''\ Then we see that k'^ > /c2- 
Thus we have the proposition. 

5.2 Construction of crystal base S' of Uq{G2 ) 

5.2.1 Structure of B' 

As we noted earlier, t/g((G'2 ){i,2}) is isomorphic to Uq{G2) and ^/^((Gj ){i.o}) is isomorphic to Uq{A2). 
Since the structure of Uq{A2) is simpler than that of Uq{G2), we define the actions of /o on Uq{G2) by 
expoiting operators on Uq{A2). In view of isomorphism between Uq{{G2 ){i,o}) Eind Uq{A2), we write 
{1,0} as index set of roots of Uq{A2). The affine crystal S' for Uq{G2 ) is constructed on Q'' with /q . 

Definition 5.7 fix/ G Z>o. We define crystal base Q^ ofUq{G2) and crystal base A ofUq{A2) as follows. 

I 

i<jl,jo<l-i 

A = 0A. 

i=Q 

We denote fi, Ci, ipi, Ei, wt, wti (i = 1,0) on A by f^, ef-, ipf, ef-, wt-^, wt^ respectively. In a similar 
way, we denote fi, Ci, ipi, Ei, wt, wti (i = 1,2) on Q by f^, ef , (p^ , £j, wt^, wt.f respectively. 

Proposition 5.8 

Proof The proposition amounts to show 

^Bi?«HnAi) = £ Y. tt5^MjiAi+M2). (5.2.1) 

n— ^— i<ji,J2<^ — * 

Let A+ be the set of positive roots, put <^ = 5 X]/3eA+ P^ ^^'^ ^^^ d,{A) be the dimension of finite dimensinal 
irreducible representation with highest weight A. Then we have 



d(A) = n 



{A + 5,P) 



/3eA+ {S,P) 
by |0|. Therefore, we have 



ttB^=(nAi) = (n+l) -n + 1 -n + 1 -n + 1 -n + 1 
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ttB^^(niAi + naAa) = -{ni + l)(n2 + l)(ni + na + 2). 
By calculation, we see that 

[5] /l-i-l l-i 

ttS^^ (;Ai) = ^ ^ ttS^-^ (fcAi + {1- i)A2) + J2 iB""-' {{I - i)Ai + J Ao) 



(5.2.2) 



i—Q \ k—i 



J=« 



Thus, we have (5.2.1 



D 



By Proposition 5.8, we can construct one-to-one correspondence between Q'- and A as sets. 



Let ^(ji Jo) G Ai be the heighest weight element with weight jiAi -I- JqAq. Let b,'^ . . . € Ai he the 



-Li 



lowest weight element with weight —jiAi — jqAq. Elements b/j ■. and b/_ _ ■, satisfy 



For a Lie algebra of type A2, it is known that all elements b in the crystal base B^^{jiAi + JqAq) are 
uniquely expressed as 



P-rl 



b=[fo iff [fo \'j,,jo)iO<P<Jo,P<q<P + Jl,0<r<Jo + q-2p), 



(5.2.3) 



It is possible that there exists crystal bases with same highest weight in Ai and Ai' [i ^ i'). To distinguish 
them, we define crystal base B^ s C ^i by 



B] 



%.,.,- {(A^)'(/^)'(^)'5S... 

By calculation, wc have the following proposition. 
Proposition 5.9 For i?^ -, (i < k,j < I — i), we have 

i<k,j<l — i 



0<p<jo,p<q<p + ji,0<r<jo + q-2pY (5.2.4) 



B 



(kj) 



{f^y{fy> 






0<p<j,0<q<p+k 



uUe^)'(e^)'^;4 



j-k) 



i<k,j<.l~i 
0<p<j,0<q<p+k 



(5.2.5) 



-i3^^((fc-l)Ai + (j-l)Ao). 
For I e Z>o, we define 



Ai'^ = 






. i<k<l — i 



\ i<k,j<l — i I \ i<k,j<l—i 

\o<p<j,0<q<p + k / \o<j)<fc,0<g<p+3 , 



^« 



U ^' 



Proposition 5.10 For I G Z>o, we have 



iB'^^ (lAi) = ^A^^l 
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Proof By Proposition ^.9| , we have 

P^M^ - *)Ai + (/ - fc)Ao) = fli?(V,) 

l — i — k 



ni—1 
l — i — k 



rn— 1 

— i — J 

E 






J- / V U y —(^^i — m^ — k—m) 



< p < i + m 
0<q<p + k + ni 

< p < k + m 
0<q<p+i+m 



+'E«{(/i*)'(/i')'5<; 



?n— 1 



+rn.j+rn) 



< p < j + m 
0<q<p + i + m 



-ni,~i—ni) 



Q < p < i + in 
0<q<p+j+m 



rn— 1 ^ 

By ( ^.2.2| ), we have 

[■2J / l — i l—i 



i=0 \ fc=i 



j=i+l 



By Proposition 5.9 and Proposition 5.1C| , we have the following lemma. 
Lemma 5.11 For I G Z>o u;e /lawe 



g'\^W^g'-i. 



as crystal base ofUq{A2). 



5.2.2 Operators Ej{ and F4 on A 

We are going to define operators Ea and F4 on A which satisfy properties 
(CI) for b, b' e A, EAb = 6', if and only if F^b' = 6, 
(C2) for & e A, EAf^ib) =. f^EAib), 
(C3) for be A, maxJTO | FJ^ 7^ 0} - niax{m' | F^i''^ 7^ 0} = -2wt5;^(6) - wt^(6). 
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Operators Ea and Fa are counterpart of 63 and /I* , respectively. In view of Lemma 5.2.5 and (C2) we 
define Ea and Fa inductively. If Z = 0, ^ is trivial. If / > 0, we use following relation for induction 



E. ((/i^)' {f^fim ^e-iEj {}fy-' {f^ytx,-n 



.5-1 



(5.2.6) 



.(0 _ 



Put A\: — {b I eo(6) = 0}. Using Proposition 3_^, we see that A\: is given by 



i(0 



A'l^ = 



f^'{f^'€. 



0<i< 



'i l£ k, j < I — i, 0<p<j,p<q<p + k 



By (CI) and (C2), it is sufficient to define the operator Ea for b G A_l 
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Definition 5.12 We define Ej( by 



EA{{k 



{f^Yblk^j)) = < 



{f^y{f^ 



O(fe-lj): 






(fcj+i)' 



/i J [Jo ) "(k+lj-l)^ 



■-^'"'(~f-rv 



■M^^'ff-Yi'-' 



(fc+ij_i), 

■Li-l 
(fc+lj-l)> 



0, 



(al) 

(a2) 

(a3) 

(a4) 

(a5) 
(a6) 



2-A 



EA[{ff)'"(f^tl^,-,, 



(5.2.6) 



Conditions for (al)-(a6) and (5.2.6) are as follows: 
(1) Ifi<k<l-i,i<j<l-i, 

(i) i/0 < q < J — 1 — =^— , p = min{q,j), then the action of Ej^ is given by (al), 

(ii) */i < ^ ~ h J ~ ^~T~ 1^Q^j + k,p= min{q,j), then the action of Ej[ is given by (a2), 

1^Q^j + k,p= min{q,j), then the action of Ej[ is given by (a6), 



(iii) ifj = l-hj- 
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(iv) i/0 < p < J — 1, p + 1 < q < p + k, then we use induction (5.2.6). 

(2) Ifk = i,i + 2<j<l-i, 

(i) ifO<p<j — 1— [^^] , P ^ Q ^ P + i then the action of Ey\ is given by (a3), 
(ii) if j < I — i,j — [^^] ^P^jjP^Q^P + i then the action of E^ is given by (a2), 
(iii) ifj — l~i,j~ ['^y^] ^P^j,P^Q^P + i then the action of Ej^ is given by (a6). 

(3) Ifk^i,]=i + l, 

(i) ifOl^P^ijPl^qi^P + i then the action of Ej^ is given by (a4), 
(ii) ifp^i + l,p<q<p + i then the action of E^ is given by (a2). 

(4) Ifk^i,j^t, 

(i) ifO<p<i — l,p<q<p + i then the action of Ej^ is given by (a5), 
(ii) if p — i, i < q <2i then the action of E^ is given by (a2). 

(5) Ifi + l<k<l~i,j^i, 

(i) ifO^P^hP^Q^P^^^ [^T^] ^^271 the action of Ej^^ is given by (al), 
(ii) if p ^ i, p — [-^3-] ^ q 1^ P + k then the action of Ey( is given by (a2), 
(iii) ifO<p<i~l,p— [-^3^] < 9 < P + A: then the action of Ej^ is given by (a5). 
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By (CI) and definition of Eyi, we see tfie action of Fj{ on A\_ is given by 

Jl Jo "{k,j~l)i 

Jl JO"(fc-lj"+l)' 

jfq—l xPT '^ 
= < il /0°(fc-lj + l)i 

Jl Jo"(k-l,j+l)' 

0, 



F.((/7)'(/o-)^^, 






(al)' 

(a2)' 

(a3)' 

(a4)' 

(a5)' 
(a6)' 

(HI)' 



As in the case of i?^, we use induction ( 5.2.6| )'. Conditions for (al)'-(a6)' are as follows: 
(1) lii<k<l-i,i<j<l-i, 

(i) if fc < ^ — z, < (7 < j — 1 — •'~;j~ , p ~ imii{q,j), then the action of F^^ is given by (al)', 

(ii) iffc = / — i, 0<g<j — 1— ''^ ^^^ , P ~ niin((7, j), then the action of Fj{ is given by (a6)', 

^Q^j + kjP^ inin{q,j), then the action of Fj^ is given by (a2)', 



(iii) if j - 



3 



(iv) iiO<p<j — l,p+l<q<p + k, then we use induction (5.2.6)'. 
(2) Iik^i,i + l<j <l-i, 

(i) if < p < j — 1 — ■'~„~^ , q = p then the action of F4 is given by (al)', 

(ii) ifO<p<j — 1— ''~g^ ,p+l<q<p + k + l then the action of Fy^ is given by (a3)', 

^Pl^j,P^q^P + k, then the action of F4 is given by (a2)'. 



3-fc-l 
3 



(iii) if j 

(3) If fc = i, j = i, 

(i) iiO<p<i,p = q then the action of Fj^ is given by (a2)', 
(ii) iiQ<p<i,p+l < q < p + i then the action of F4 is given by (a3)'. 

(4) Iffc = i + l,j=i, 

(i) iiO<p<i,p = q then the action of F4 is given by (a2)', 
(ii) iiO<p<i,p+l <q<p + i + l then the action of F^ is given by (a4)'. 

(5) Iii + 2<k<l~i,j^i, 

(i) iiO<p<i,p<q<p— I— [ '^3^"^ ] then the action of F4 is given by (al)', 
(ii) ii < p < i, p - [ '~3~"^ ] < g < p + fc then the action of F4 is given by (a5)'. 

For fe e ^, we put 

e^(6) = max{m | F^'b ^ 0}, 

(^^(fe) = max{m' | ^^^'^ ^ 0}- 
We verify that Ej\^ is well-defined. By the definition of F4, we see that for 6, h' G ^^ , 

if EA{h) = EAib') i- 0, then h = b' . 



(5.2.7) 
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In order to verify (C2), we prove that Ej({f^{b)) 7^ if and only if f^{Eji^{h)) ^ 0. For this, it is sufficient 

(^0(6) = MEAb). (5.2.8) 



to prove that for b e Aj^' , 



Using Proposition 5.5, we have foUowing formula in the case of (al) of Definition 5.12, 

^0 (/i/o^fcj)) = J + 9 - 2p, 

Vo {EAflfob{lj)j = (/3o [f?fob{k-i.j)) =J + q-'^P- 

In a similar way we can prove other cases. Therefore we see that for 6 G ^ such that E_/\{b) ^ 0, /q^5 ^ 
we have i?_4 [fo^b) ^ 0. Similarly we can show that for b £ A such that Ej\^{b) = or /g^fe = we have 

Ea [f^b) = 0. 

We verify (C3). By calcualtion, we see 

wt-^ (/i7o^(M)) ^{k + p- 2q)Ai + U -2p + q)Ao. (5.2.9) 

If the action of Ea is given by (al), we have 

wt-^ [EAfUfbiij)) - wt-^ (/iV^6(li,,)) ={k-l+p~ 2g)Ai + {j - 2p + g)Ao. 
Therefore, we have 



2wtf (^^6) - wt^iE^b) = -2wtf (6) - wt^{b) + 2. (5.2.10) 



Similarly we can show ( 5.2.10 ) when the action of Ea is given by (a2) - (a5). 



We prove (C3) for b = (fA'^ (/o^)^ &('il»j) £ A^^ where i<j<l-i, 0<p<j,p<q<p + l-i. By 
Definition ^.12| , b satisfies Fa (b) — and 

EAib) = 21 - 2i + j - 3q. (5.2.11) 

1. Ii0<p = q< [^], 

~ ~ —Li 

The action of Ej{ on flf^h/^ ■-. (i < k < I ~ i) is given by (al). Then we have 

E^''(b)^fff^l^^y 

If [^] > 0, the action of Ea on fffoblf.j) is given by (a3). We put x = ^, i = ^ifti. Then we 
have 

^i-3i+[x].^s ^ i /[^"""'"Vo^s-i.i) J - i is odd, 
I /i /o ^(x.x) J - « IS even. 

If i — j is odd, the action of Ea on /f ^^'~ f^bA^^T^-. ^^ is given by (a4). Then we have 



^A \°) - Jl Jo"{x,{x- 



!))• 



If i - P - [^ - i] > 0, then the action of Ea on /f ^ 7o&(i,:r), /f ^ 'fob(x,x-i) are given by (a5). 
Then we have 

^A \") - JlJo"iJ+i-p,p)- 

Moreover, the action of Ea on /f /o^(j+i_„ „) is given by (a2). Then we have 

^2/-2,+,-3p(^) = /l+^-^^/r^6('f+,_,,_rt. (5.2.12) 

Finally, the action of Ea on /i^"*^ ^ fo^^b^^j^i^pi^p-f is given by (a6). Then we have 

E^2-^'+'-'P+'{b) = 0. 
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2. If [-^j < p = q < ^^^, we can calculate in a similar way: 



p/-i+2j-3p/,x _ f2j+i-2p fp-rh^J+^i-Sp 

^A \") ^ Jl •/o"(2i+2i-3p,-j-i+3p)' 



j^2l-2i+'j-ip+l. 



(al) 
- ,- ... . .,-... (a3) 

p2^-2^+J-3p/,^ _ fl+j-2p fl-i-j+pTl;2j+22-3p 

^A \") ~ ^1 /O "(2i+2i-3p,i-2j-2i+3p)i 1<^^J 

(a6) 



(5.2.13) 



.^ 1(6) = 0. 

3. If ^2ii < p = q < j or j = p < q, we have 



/f/^6, 






^2i-2i+J-3g+l/ 



.^ ^6) = 0. 

4. li p < j ^ i, p < q < y + j, we have 



(al) 
(a6) 



(5.2.14) 



j^l-2i-3{p-q) , 



'(b) 

^i-z-39+2p^^^ 



JlJ()"(i+3(q-p),i): 
fq+i-p fpT'-'f 



(al) 

'^ " ' l"J = A /o^(2i+3g-4p,;-p)i (S-S) 

j^2l-i-3qn\ _ fl+i-3p+q fl-pr'-'P / r,N 

^^ lOJ — ./I /o ''(2i+39-4p,i~p): l^-^j 



(5.2.15) 



E^^-'-^''+\b) = 0. 



(a6) 



5. Other cases are reduced to CJ' ^, using ( ^.2.6| ). 
Then for b = (/j^) " (/o^)'' fejl.j) £ ^^^ where ^ < j < / - i, < p < j, p < g < p + ^ - 

--2wt^(5)-wt^(5) = -(2;-2i + j-3g). 



i, we have 



By ( ^.2.11| ), we see 

^Aib) - SAib) = -{2l-2i+j- iq). 

Therefore by (5.2.10), we verify inductively that Ej\^ satisfies (C3). 



5.2.3 An involution on A 

Let b,'^ . s be the lowest weight element in Ai with weight jiAi + jqAq. We define a map C^ : A ^ A by: 



where < p < j, p < q < p + k, < r < j + q — 2p. It is easy to see that C^ is an involution, 

CA{CA{b))^b {be A). 



Proposition 5.13 For b ^ A, we have 



CA{EAb) = Fj^{GA{b)). 



(5.2.17) 



30 



Proof It is sufficient to prove (5.2.17) for b € A such that Eq (^) — ^■ 
We assume that for b = [f^j {.fo^j ^(fej) ^ -^i ^^ h P^ 1 satisfy i + 1 < k < I 
']_± 



i, i + i < j < I 



0<q<J-l- 



, p = niin(g, j). Since this is the condition (l)(i) in Definition 5.12, the action of Ej\^ 



is given by (al). Then we have 

We consider the action of Fj^ on C_4 (5). By applying the involution, wc have 



/l 






c.(o)H/^)'""''(/i')'""'(/s')""'i;i,. 



Thus the action of Fj[ on Cj, (b) is given by (a2)'. Therefore we have 

j+q-2p /- ~ .\k+j-q-l 



In a similar way, we have 

if the action of E^b is given by (al), then the action of F4 (C^ {b 
if the action of E^^b is given by (a2), then the action of F_a (C^ (6 
if the action of Ej^b is given by (a3), then the action of Fj, (C^ (6 
if the action of Ej^b is given by (a4), then the action of Fj, (C^ (6 
if the action of E^^b is given by (a5), then the action of Fj[ (C^ {b 
if the action of E^^b is given by (a6), then the action of F_a (C^ {b 
Thus we have C^ (^^(&)) = Fa {Ca (&))■ 



fc-g+p-l , j 



)) is given by (a2)' 
)) is given by (al)' 
)) is given by (a5)' 
)) is given by (a4)' 
)) is given by (a3)' 
)) is given by (a6)' 



For a £ Z, we define 0+ by 



We set Be, Bw, Bu, Br C A^^^ by 



a (a>0), 
(a<0). 






'il-^,j) 



;/Y)'(/^)' 

■(/Y)'(/o-<)'5,". 

where y ^ y (^(^f^'j (^f^'j 



0<i< 



0<i< 



Hl-^,3) 



Q<i< 



, i<j <l-i,0<q<p<j 

j = i, 0<p<j, p<q<y + j 
i<J<l-hP^3, 3<q<y + '2j 



< i < [^] , i < j < I - i, 

0<q<j, p<q<y + j-{i-p)+ 






3 



In view of Definition 5.12, the conditions £9^(6) = 0, ^A{b) = on 6 = (/i^) ( /( 



D 



^^b\;_,,){0<^< 



[^] ,"1 1^ j 1^ I ^ h^ 1!^ P 1^ j) are rephrased as 



0<q<p- 

0<q<p-i- 

0<q<j 



-l+i+3 
.3 

3 



0<q<j-l- 



-l+'i+j 
3 



+ ij-i) iP<hl-i-J = (mod 3)), 

+ {j-i) {p<i,l-i-j^O (mod 3)), 

{p > i, I — i — j = (mod 3)), 

{p> i, l-i~j ^0 (mod 3)). 
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Summarizing, we have 



<<7 < 


'l-i- 
3 


I 


Thus we have 


{be A e^{b)=Q,^A{b) = 0} 


-{(^)^(/^)^^S^..) 


< i < 


I 
2 



+ j- (i -p)+^y + j~ii~ p)h 



,i<j<i-hO<p<j,p<q<y + .i-(i-p)- 

Hence, we see easily that 

{be A \e^{b) = 0, fA{b) ^0} cBcUBwUBuUBr. 
By Proposition 5.2, we have 



-i,3) 



0<P<j,0<r<j-p\=Bc. 



(5.2.18) 



Proposition 5.14 For b e Bw U Bjj, we have 

CA{E'/'\b))eBc. 



(l-iA) 



Proof By calculation iov b = (ff^j ( /q^ ) b'nLij) e Bw {0 < p < i, p < q < y + i) we have 



m 



"{l-p,2i+3q-4p)- 



Ca (E^/^'^b) = (/7) 
Since p < q, p < i, we have 

2i + 3q-'ip^{i + 2q- 2p) ^ {i - p) + {q - p) > 
Then we have 



In a similar way, for b e Bu we have 



CA(E:,-^'^b)eBc. 



CA{E^/'^b)eBc. 



u 



Similar to Proposition 5.14, we have following proposition: 



Proposition 5.15 For b e Bp, we have 



CA{E'/^'\b))eBn. 



5.2.4 Definition of $ on ^ and f^ on g' 

In this section, we define one-to-one map ^ : A ^ Q'' and Kashiwara operator /q on (?' expoiting operators 
on A. 

Since roots ag and ai of algebra Uq{G2 ) are orthogonal, the Kashiwara operator /q commutes with 

fl 

(Dl) f^Jlib) = f^f^{b), 4~ei{b) = etet(6), for b e QK 
In view of Proposition p^, we are going to construct the one-to-one map 

^ ■ A^Q\ 
with the following properties; 
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(El) ef<^{b) = <^{ifb)jorbeA, 
(E2) /|$(6) = $(F^6),for&e^, 
(E3) wtf ($(6)) = wt^{b), for b e A, 
(E4) wt^ ($(&)) = -2wt^(6) - wt^(fo), for & e ^, 

(E5) i^^b) = (resp. /o^$(fo) = 0) if and only if i^{b) = (resp. f^(b) = 0), for b e A. 
By (El) and (E2), we see easily 

(El)' /f $(6) = $ (/;^6) , for 6 e A 

(E2)' gf$(6) = $(£;^6), for fee A 

We call an element b ^ A A-terminal if -FU(fe) = 0. An E_^-strmg is a sequence of elements in ^, fe , E_4^{b), 
E\{b), . . ., E'Xib), where b is ^terminal and E^+^{b) = (n e Z>o). We first define $ for ^terminal 
elements using (E3)(E4) mainly. Next we define the the action of $ for elements of an iJ^-string using 
(E2). We verify (El) completely in §E3l 



(5.2.19) 

(5.2.20) 

We verify the properties (E1)-(E5). 
By the definition of bn a, 

By (E3) and (E4), we see that <& Ibn n ) is the element with weight ^Ai — 3ZA2. We can see easily that 

^ = [[6r[2]'-''] (0 < fc < /) is the only element such that wt^(fe) = -3/. Moreover fe = [|2]'] is 
the only element such that wtj'(fe) = /. The highest weight element is only element in BJ^, -. that satisfies 
wt(fe) = fc'Ai + j'Ao (fc' > k,j' > j). By the definition of A, the element b e A with wt(fe) = lAi + IAq is 
bn n . Therefore, we have 



Definition 5.16 We define 




K(/o'^)'^")) ^ 


- IgYM'-'] {o<p<i) 


'^{(^YK-,-,) 


- bt'lGf] iO<P<l) 



$ 



(^(M))-[[2ll (5.2.21) 



+ ■ 



We verify (El). Since e-f-bQi^ — 0, we verify efl [2] = 0. Using Proposition 3^ 

*i([[2r ])="'. 

Then we have 

et[ [211=0 

In a similar way, we verify (E2). We consider (/o*) ban- We see that the element b G Q' which satisfy 
following formula is unique: 

wt^(fe) = (/ + fc)Ai - 3/A2. 

Thus, we can define 

'i>((/o^)'^(M))=[[6r[2r-''] (0<p<0. (5.2.22) 
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Similarly, by the calculation of weight, we can define uniquely 



$ 



((eo")^^S 



-L-l) 



]l-P\ 



6fl iO<P<l). 



D 



By (E5) and (|T2|), we define the action of i^ and f^ for | [e]^ [2]' ^] {0 < p < I) by 



ptt^ti'- 



/0I 6 r 2 



p^l 



m^rm'-'j-l u^r-'i^m ^<v<i 



(5.2.23) 



(5.2.24) 







p = 



In view of Definition 5.12 , 5.16 and (E2)', following definition is led. 
Definition 5.17 We define 



((/o 



^((ft^rfeS; 



i^viwrn'-' 



(5.2.25) 



where < k,p < I. 

We verify the properties (E1)-(E5). The property (E2) is obvious. We verify (E1)(E3). We see 



\P-rl-0 



^^{{fo^) 6(M))-0' 



^t 



m 






p + k. 



On the other hand, 



se^'-^^6f|2l'-'' 



2|a-fc)/3rg|P-a-fc)/3.-|/-p 



0<;-fc<3p, l-k = (mod 3) 



2][('-'=)/^l[4][6F"'"'''"'^/''[2]'"''] 0<;-fc<3p, ;-fc^l (mod3) 
2]'*'"'^^"[3][6f"'"'''"'^/''[2]'-n 0<;-fc<3p, ;-fc^2 (mod3) 



2f|Wl'"'"'l2f+'^ 



Using Proposition 3.9; we have 



ei e 



'z5 



l-k 



r-Tii- 



er 2 



l-k>3p 



= 0, 



^i((eir[[6F[2r-] 



p + k. 



By calculation, we can verify (E4). We verify (E5). By (5.2.24) and (Dl), we must have 

eo<(efr[[2ri)^o 



(5.2.26) 

(5.2.27) 

(5.2.28) 
D 



By Definition 5.17 and (El)', following definition is led. 
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-l.Q 



.9 / ~^\' 



-l.Q 



fi) h' Z^" bk,.] {0<p<l+j). 



Definition 5.18 We define 

We can verify (E1),(E2), (E3), (E4). We see easily 

/o^((/7)'(/6^)'^'S))=Mo<.<0- 

By ( ^.l.ll| ), we see 

In order to satisfy (E4), we define 



/oM<5' 



gg ( $ 



(/7)^(/6^)C -0(0<.<0 



f^Yifoi 



-1,0 

\k,i) 



il<q<l+j). 



For b e i?^ -, we define y{b) e Z>o by 



l-i- j 



y{b) = 

We often write y instead of y{b) for simplicity. 

— l,i 

Definition 5.19 For bn_^ a\, we define 

\wicr'vir'i2r'\ l-^^J^o (mod3) 



$6, 



(' 



i,i 



I — i — j = 1 (mod 3) 
y + i > 



= < 



[5i r2F^' 



\6r^'icr^'mi2r''i2r' 



I — i — j = 1 (mod 3) 
y + i = 



{l-i-j = 2 (mod 3)). 
We verify the properties (E1)-(E5). We verify (El) and (E3). We see easily 



ei^(^;^.))=o,/F(: 



bl;^^.J) ]=l-i- 



By proposition 3.9, we have 



*i [[6F[CF^12]^^^] 



1 y r/^n y+'' r oH y+^ l \ ^ uy+^ul+'ul+'u^'^, 



Redi(||||6l^rcF^H2F^^ 



,i~i 



Then we have 



zG 



tV r^Tl W+* TtvIII'+J 



fsm^iy T/^n y+H77ii y+^ w i - ^ _ j. 



/n 6 



(5.2.29) 
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In a similar way, we have 



6 



4 2 



= 0, /re 



y+i r^ii!'+*~i r— 11 r— ii2'+j n \ n i^5^irr£'ii^+^ r/^n^+'^^rTii roii^+^ ii i — / 



4 2 



e? f[5l[2F-^n=0, 



e irr^n ToiiJ-'i _ 



/n 5 2 



= I — i. 



e^ 



? [[6l 



I'+i r^ii!'+^ TttTI r7Tii!'+-' 



[3i[2r^i^o, et [[6r^^[cr-^i3i[2r-^^] 



^ — z, 



By calculation, we can verify (E2) and (E4). We verify (E5). We put b = | [g]^ [c]^^' [2]^"^^ ] 
calculation and Lemma 5.17, we have 



By 



^g.2l-2i+j 






2|vWr^|yW+^rg|.W+. 



V(b} \! ^-n2y{b)+i+j 



a 



s^' * ^'/2G\'+J/seA2;-2»+i 



[[6l' 



$ 



>'+J' /^.\'- 



1?' r^1l!'+* TttTI J'+J 



By Definition p.l8|, we must have 

'(A^)'"(/6^)'C)j-i[2ncr^i6r 
^^[[2r[cr^+i6i^+^]=o. 



By (Dl), we must have 



Similarly, we can prove other cases. 



^t[[6llcF+l2r^+^] 



= 0. 



a 



Definition 5.20 We set b = bn_^jy We define the action of ^ as follows: 
IfO<P<i, 



pA 



* /o" b = 



ifi<P<j, 



$ 



m-> 



-lYhricr^'^'m"^' 



■in6r+^rci^+'-^-^r4ir2r+^ 



■iri5ir2r 



-irhv^'kr^'-'mnr^' 



■iner-^-^^fcn^r^^-^-^^ 



{l-i-j = (mods)), 
{y + i > p, I — i — j = 1 (mod 3)), 
{y + i=p, l-i-j = 1 (mods)), 
{l-i-j = 2 (mods)), 

{l~i-j = (mods)). 



■ir[6f-'+'^+^[c]^-^[4][2r+^-^+1 {y>0,l-^-J^l (mod S)), 



'iVhr-'mnr'^' 



■irref-'+'^+^fci^ 131121'^+^-^+' 



{y = 0,l-i-j = l (mods)), 
] {I -I- J = 2 (mods)). 
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By calculation, we can verify (E1)-(E4). In order to satisfy (E5), we define eg on $ ( ( ff^ j ( /q 






(0 < p < j) and f^ on $ ( (ff)' [f(f)' fojl,,^) j (0 < g < j) 



Using Proposition 5.14, 5.15 and (E2), it is enough to define the action of $ on Be U Bji. 
By (El)', we are led to the following definition. 



1 f ~A\Pj-i,i 



/n (*((i^)'^S-..) 



Definition 5.21 We define 

where (0 < p < j, 0<q<y + j — {i— p)+)- 
Thus we have defined $(6) where b e Be U Bf;. 

Definition 5.22 For b = 1 ffoJ • • -IfoJ 1 £ ^'^"(nAi) (0 < n < /), we define the involution on t/' by 



CG{b)=im ■••[6711 



where if bi = m (to = 1, . . . , 6) then fbi 



, ifb,^Oi,{h, thenhA =1 



Remark 5.23 Let b (resp. b) be the highest (resp. lowest) weight element of B '^{IKi). By Proposition 
|£^, \3.1^ and \3.1d^ , we have 



By Defintion 5.2i , we have 

Using Proposition \3.f\ again, we see 



h = \\\\Tt 



Cg{b) =b 

Cg [ftM ■ ■ ■ li-Xj 



^IN ' ' ' ^ilH- 



Definition 5.24 We define ^ for b e Be U Br 

^E^^b) = {iir mb)) {0<m<SA{b)). 
We define ^ for b e Bw U Bu, 

^{EJb) = Cg ($ (C^ {EJb))) (0 < m < EAib)). 
For b £ Br, we define 



$ E 



(/6^)^"'W))^C,(.( 



p^A(b)-m^^ (6) 



(5.2.30) 



(5.2.31) 



(5.2.32) 



Remark 5.25 By Definition 5.24, we see that the relation {5.2.3L) satisfies (E2). By ( |5. 2. 3(\ ) and 
Proposition 5.14, we see that C^iE^b) is already defined. By (5.2.31) ,We see C^i (C^ (i?^6)) = 6 
(0<m<e^(6)). 

We have defined $(6) where b e A'--''^ 
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Proposition 5.26 For b e A^'''> , 



Cg ($(&)) = $(C^ (5)). 



\^-rl,' 



E 



.SAib) (~A\J-'!u\ - 



A 



h\ = i 






Proof We put b = (/f^) (/q^)^ bll\^y By ( pl^ , ( pl^ ) and (|TI|) 



if < q < 

i + j 



i+j 



(2i+2j-3qd-2i-2j+3q) 



if 



<?< 



2j+i 



l-i-j+q / ^ \l-i-j+q _i , 



[{f^) '^'{foT -b, 



KO<g<[^], 



$ 



*((/l')'(/o 









$ £;' 



Ti£A(fc) 



(/i^)'(/, 



) ^(i-<j) 



■(-2i+3q,/-i) 



if — 5 — <q<3- 



-ivuv-'^'icvm'^' 



-iVuv~'^'\cv\2V^'-nTV 



■-. l|Hel|-'~*+^ r^iiy+9^' r-Tiy r-n* 



'[cF 



-iVUV-'^'lcfUf^'-'lTV 



12 



j-s+y r^Tii'+'J^' r-^11 y r^n* 



'W 



(5.2.33) 



(* > g), 



SriTFi (z<g), 
(* > g), 



er T (*<<?), 



J^i,' 



c, ( $ ( i?-w (A^) (/o^) fo(;:.,) 



On the other hand, 



\iVM-'^'icri2f^'-'m\ i^>i\ 



:ir[6F[c]^+^-'[2F^-'[T]i (^f^'z). 



*((/^V6'^^ 



$ 



(i-?,i+j-g) 



(c^ (i?^-^^'^&) 



iVhr-'^'icrm'^' 



(J > g), 



ir[6F[cF^^-l2F+^^'-1 i^<q), 



^{{f^y(f0^YKi-q^.^,-q) 



= < 



iVhr'^'krnr^'-iT] 



■in6r^rci^+^-i2i^+^-^rTi 



By ( 5.2.31 ), we have 

Ce ($ (E^^b)) = $ (C^ (E^^b)) (0 < TO < eo(6)) 

In a similar way, we can calculate other cases. 
Definition 5.27 For b G G' , we define f^{b) and S^{b) by 

/o^(6)^<i>/6^$-i(6). 



(« > q), 
(« < q)- 



a 
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We define Eq (6) and i^q (b) by 



e^b) = <^S^<^-\b). 
£^(6)=max{n (S^)" b y^ o\ 



By (C2), it is obvious that f^ = $/o^*"\ e^ = $6^$"^ satisfy (Dl) 



Remark 5.28 By Difinition 5.27 , for b ^ A we have 

eUHb))^e^ib), 

Proposition 5.29 The action of f^ is unique. 



Proof Let $, $' be one-to-one maps A -^ G' which satisfy conditions (E1)(E2)(E3) in § 5.2.4 . Here, by 
(E2) we have $ivi = /2^$, '^'Fa = /f^*'. We see that if ioi b e A 



<^{f^b) + ^'{f^b), for some b £ A 



we have 



cAi^VAib) 



$ /oM"^n6) 7^$' /o''^. 



eA TpVAib) 



(b) 



Therefore it is sufficient to verify that $(6) is unique, for b e A such that F^ib) = 0. By (El), <i>/j;^ = /f $, 
then it is enough to verify that 



* /o 






0<i< 



0<j<l-i,Q<P<j 



is unique. This is obvious by Proposition 5.20 



D 



The affine crystal B^ which is constructed with Q and /q satisfies Proposition 2.1 



5.3 Proof of commutativity of ^ff- = /f $ 
In this section we prove (El) in § ^.2.4 , namely for b E A 



b 

I 

zA zG 



$(6) 

i 



In the proof of commutativity we use e^, e\ instead of /{*, f^ respectively. Consider an _E_4-string b, 
Ej\(b)^ . . ., E"^ (6), where 6 S ^ is ^-terminal. For any 6 G yl, we can denote 

b = Eib', 

where n' G Z>o, 6' G -4 is an ^-terminal element, namely F^ib') — 0. Similarly, we can denote 

e^b = Ei'b", 

where n" G Z>o, b" G .4 is an ^-terminal element. In order to show (El), we will verify 

e? (* fe'fe')) = * fe"fe") ■ (5-3.1) 
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Let us define A+, A- by 



i=0 i<k<j<l-i 



■^^ - ^IkJ) ■ 

1=0 i<j<k<l-i 

For b' G A+ such that Ey^{b') E A^, we see that the action of Ej[ is given by (a3) or (a4) or (a5). We 

take b — (/i^) ifo') '^(i-ij) ^ ^c (0 < (? < p < j), which is an ^-terminal element of an i?_4-string. 

By consulting the proof of (C3) in § ^.2.2| , we see that for b the action of Ej[ has following relations, using 

sequence depending 6, < ni < n2 < • ■ • < ng = s_A{b). 

the action of E^ on E^ b {0 < n' < ni) is given by (al), if rii ^ 0, 

the action of E'^ on E\ b {n\ < ri! < n-i) \% given by (a3), if n\ < 712, 

the action of Ej^ on E"^ b (n2 < n' < na) is given by (a4), if n-i < n^, 

the action of E^ on E^ b (713 < n' < n^) is given by (a5), if 71.3 < n^, 

the action of E^ on E^ b (n^ < n' < n^) is given by (a2), if 71,4 < ns, 

the action of Ej[ on E'^b is given by (a6). 

Then we see that the number n{b) € Z>o which satisfy following condition is at most one: 

Efh e A+, 

E'f^+h e A-. 
If there does not exist such n(&), we put 

n{b) = EAib) = 2l-2i+ j - 3q. 



By Proposition 5.13 and induction (5.2.6) it is sufficient to prove (5.3.1) for b' = E^b (0 < n < n(b),b G 
Be). 



5.3.1 Actions of e^^ 

Proposition 5.30 For (/i^J (/o^j '^('i-i j) ^ ^C (0 < q < p < j), we have following relations. 

Put bi = (/i^)' (/o^)'' fojl,,,) {3q>t + 2j~[^],p + 2q>t + 2j). We have 



-efiE'Xbi) 





eY {e'a 


'-J+30- 


-?) + l 




e^ {e^. 


'■-J+3(j- 


-g)+2 


~e^ 


(Efr' 


f3(j-<;+l)+ri' 



&1 



s((/i^)'-'(/;)'5,t,,„). 

(A^)'(/. 
(A^)'"(/^) 



61) = £;^-*--'"+3(J"-9) 



9 / ~^j^\P+^-u 



'-«-i+3(i-g) 



P+2-i.i 



61) = ^^-*-J"+30-9)+"' ( (/^- 



3 



■^^ '/o ^. 



(i-i,i+3) ) ' 



(5.3.2) 
(5.3.3) 
(5.3.4) 
(5.3.5) 



where 0<n<l — j — i + 3(j — q), < n' < 3{y — 1), y = 

Put 62 = (/i^)' (/o^)'' fejl,,,) (p-q<[^],p + 2q<t + 2j). We have 



*^l'-* 

^(;-».i) 



^0 



g..,'^;-2.+ [0-.)/2]-n'^^ 



E' 



i-2i+[(i-i)/2]-3- 



■"'((a-*)'(/5*)'5<m;.„.,-. 



(5.3.6) 
(5.3.7) 
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where Q<n<l-2i+p~q,0<n'< [^] . 

Put b, = (^f^y (f^blt^^,^ (3g < * + 2j - [i^] ,[l^]<p- q), then we have 

where < n < I - 2i + [^] . 



(5.3. 



Proof We consider the action of ei 



j + q — 2p). By Proposition 5.4, ii q = p we have 



t for (/^) (a^) (/s^) 6;,',.) {Q<p<J,p<q<p + k,0<r< 



~e^ 



^(i^'(i^(f^i[:^,-(f^(f^-'(f^t 



(fej) 



where Q < r < j — p. li q > p, 



'"■^'iiLHf^nf^rif^m^ 



where q — p<r<j + q — 2p. 

We consider the case of g = p in part I, and the case of g > p in part II. 

Part I We consider (/q^) ^ (^f^Y (/q^) " b'^^^^ (0 < P < j,0 < r < j ~ p). 
We define b, b' e B[j._^., by 



b 
b' 



m [f.) b, 



\k,j): 



(p = 0) 



Then by Proposition 5.3 we have 



=;<(/s')'»^(/o-<)'*»', 



(Figure pi) . We define rm, by 



TTifc = j — k — 3{j — p) = —2] — k + 3p, 



We consider an i?_4-string. We can express b using an ^-terminal element. By Definition 5.12, we have 

[ffy (/6')' 5(;\,_(„„u) ) (5.3.9) 



'^-^A [[Jl j [Jo ) b^l-^,3-(m„)^) 



If TO;, < the action of i?_4 is given by (al) or (a3) of Definition 5.12 , and if mi, > the action is given by 
(a2). 



The case of (al):£'^6 G B^^._^ ^y 

This case is & == £'^^'61 (0 < n' < niin{? ~2i,l-i + 2j - 3q}), b = £^'62 {0 < n' < I - 2i), b = E^bs 
{0<n' <l- 2i). 
If p = 0, we have 

e-^Ej^b = 0. 
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/ ff \ u 




/ !t \ U 



Figure 2: Part I, the location of h and h' in the Figure 3: Part I, the case of (al), the location of 
crystal graph of BL s. Ej^ and Ej^' in the crystal graph of B^,^.^ ... 



li p > 0, since mi, < 0, we have mi,' < 0. Then the actions of Ej, for b' is given by (al). Then we have 



EAb ^ (/5^)'(/i^)'6(l,„, 

5(fe-lj), 



EAb' = ifo"') '(/i")' &(ri,,), 



(Figure pi) . Then we obtain 



etEA{{fo^yb)=EA({fo^) 



, r+l 



b' 



(5.3.10) 



We have the case of (0 < n < min{l -2i I -i + 2j - 3q}) of ( |5.3.2| ), the case oi{0<n<l-2i) of ( |5.3.6D 
and the case of (0 < n < / - 2i) of ( p.3.8| ), 



The case of (a2):£;^6 e -^(fej+i)- 

This case is 6 == S^'^i (Z - i + 2j - 3g < n' < 2Z - 2i + j - 3(j, / - i + 2j - Sq < Z - 2i). 
We denote 

iJ.'.^(/i^)'"(/»'')'"C^ 

if TO(, = 0, 1, 2, since mi,' < < m,b, then the action of E^ for b' is given by (al). Then we have 

\P^^ ( ~„A\P'^rrU' 



Therefore, we have 



^^iEj,[(]^)\)+EA(]^y\' 
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By ( ^.3.9| ), we have 



'^tE^ ((/. 



0^) ]b^EA 



l — i—k 



{!^r{if)'{!^)'it.,,.. 



if rrib > 3, then the action of Ej{ for b' is given by (a2), since < rrib' < nib. Thus we have 



(k.j+l)' 



EAb'={f^)"{mb:L+i 



(Figure |4|). Therefore, we have 



e^E^iif,^) b) ^ E^ lf(^) b' 



r+l 



pl-i—k+mi,-2 I I fA 



r+l / ^ \p-mt+2 / ^ \p _i 



f^] fi 



{h^y 



-'{l-i,j-m,,+3) 



Therefore we have ( ^.3.3| ), ( |5.3.4D , ( |5.3.5| ), ii I - i + 2j - 3q < I - 2i. 



(5.3.11) 



The case of (a3):-B^& £ B}J^^ ^_^-^ . 

This case is 5 = E^_^^'bi, b = E^X^'b2, b = E^j^^'bj,. 
We denote 



EAb^{f^Y'\f^Yvt.l-^,^ 

Since nib' < irib < the actions of Ej\^ for 6' is given by (a3). Then we have 

EAy = (f^(i^-'V^^,.^. 



Here by Proposition 5.4 we have 
, p+i 



t^i.i 



ef {fYf" (J^'ia,,, - iff)' (/i<)'5,t, ^ /S" (/?)' (/.■')''" 5,t,. 

(Figure |5|). Then we have 

et {f^y Ej,b^(f^y^' E^b' (r > 0), (5.3.12) 

-e^E^b = i^-^('+^) ((/7)' (/5^)'5;;r:i,,_,)) . (5.3.13) 



Therefore we have the case oi n = I — 2i + \ oi (5.3.2), (5.3.6), (5.3 



Part II. We consider ifEA UoYJjiY ' {fo'Y b{k,j) {i<k,j <l-i, k - i > s > 0) 
li i < k,j < I — i, we use induction ( 5.2.6| ). Otherwise, using involution, we have 



C.(5S,)^(^)'(/i')'"(^)*^* 

Then it is sufficient to consider foUowing element: 



^aVtI.^ 



^Ea (f;^) (/7) (/d") ^■',) {^<J<l-^,0<s<k~^). 
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EAb 




/ It \ U 




J-p-1 



/ !t \ U 



Figure 4: Part I, the case of (a2), the localtion 
of Ej^ in the crystal graph of B.'^, -^^w 



Figure 5: Part I, the case of (a3), the location of 

^(/c+lj-l)- 



Eji\) and E^' in the crystal graph B't^^-^ ■_-^. 



ffrif^Yi'' 



(fc,i)' 



Jo ) 0(fcj> 



We denote b, b', b" G B|j, ^.^ by 



6 = 

b' - (/r 

&" = i^b. 
Then we have 

e^{f^yb = [l^yb"{r<sl 
et{fo^yb = [fi^y^'b' ir>sl 

(Figure |6|). We rewrite ruf, 

rrib ~ {j + s) - {k - s) + s - 3{{j + s) - p) = -2j - k + 3p. 
Then we denote b using the ^-terminal element in an _E_4-string. 



E 



s+l-2{k-s+ 
A 



<o, 



b = 



E^ 



l-2{k-s 



1) f?^V ff -4 V ft ''""' + ' if 777. 

yjl J yJo J "il-{k-s+l),j+s-mt)^ " ^b > U. 



(5.3.14) 
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The case of (a2): E_Ab G B, 



(i,i+l)' 



This case is 6 = E^^bi {I - 2i < I - i + 2j - 3q < n' < 21 ~ 2i + j ~ 3g). 
We denote 



0(jj + l)- 



if r < s, since mi, = miyn, then the action of E_a for b" is given by (a2). Then we have 



E.b"^{f-y-'{f-y''t^ 



(i J + l) ■ 



Therefore we have, 



If r > s, nib = 0, 1, 2, since rrib' < 0, then the action of Ea for b' is given by (a3). Then we have 



fA 



p+s 



EAb'^[ff)- [f^j 6(,;7i:,-i)- 



p-i-i,i 



therefore we have 



?.Ai 



-efEAiil^) b =E 



_ ps+/-2(i-s+l) 



fo' 



r+1 



rAV frAVTl,k-.+ l 



ff /o" b, 



^{l-(i-s+l),]+s+l) 



If r < s, TOfc > 3, than the actions of Ea for 6' is given by (a2), since mf,/ > 0. Then we have, 

EAi^-if^'^'if^Yb;::,,,,, 

(Figure 1^. Thus we have 

etEA {{fo'^yb) = Ea ((/o')'^' b' 



_ 7-iS+i-2(i-s+l)+m-2 
— -C/ /I 



(^ \ r+1 / ^ \ 'p— 771+2 / ^ \ 



"(i-(i-s+l) j"-?n+2+s) 



Therefore we have the case of ( 5.3.3 ), ( 5.3.4 ), ( 5.3.5 ), if Z — 2i < / — i + 2j — 3g 



(5.3.15) 



(5.3.16) 



The case of (a3):S^6 G B'+^^ ^_^y 

This case is 6 = E'^bi {I ~ 2i < n' < I - i + 2j - 3q), b = E'^b2 {I - 2i < n' < [■^j), b = £^^'63 

{l-2i<n' < [^]). dip). 

Since mb' < nib" = nib < 0, the action of Ea for 6', 6" is given by (a3). Then we have 



EAb 
EAb' 



h ) yh ) 0(fc+ij-i) 

/i^)'''i/. 



A\P~'^Tl,i+l 

j 0(fe+lj-l)7 



EAb" = {fi 
(Figure Isl). With Proposition ^.4|, we have 



p+s 



AV- I fAYTl^^+^ 

Jo J "(fe+lj-l)i 



'^tEA {{/(^yb) = Ea {{fo''yb") {r < s + I) 



etEA{{f^) b)^EA[{l;^) y\ {r>s + l) 



(5.3.17) 
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Figure 6: Part II, the location of 6, b' and b" in 
the crystal graph i?/ ■ s . 



/ ff \ /( 



Figure 7: Part II, the case of (a2), the loca- 
tion of Ej,b and E^b" in the crystal graph of 



There fore w e have the case oi {I — 2i < n < I — i + 2j — 3q) of ( 5.3.2 ), the case of (/ — 2i < ti < [%^] ) of 
(I5.3.6D and ( |5.3.7D , 



By ( ^.3.9| ) - ( |5.3.17| ), we have Proposition |530 



D 



5.3.2 Actions of ef 

Proposition 5.31 For beg,ne Z>o if /f (e^)" 6 = (e^)" /f fe 7^ 0, we have 

fl{el)"b^{il)'fjb {0<k<n). 
Proof We prove the proposition by the induction on k. We assume 

/i (€2)"' b - (^2)"' fib (0 < fc' < k), 



then we prove 



We write Cj ^6 = 61 <X) • • • (Xi k. We have 



/ie2 (62) b = 62/1 (62) &. 



62 



(5.3.18) 

(5.3.19) 

(5.3.20) 
where 1 < ki,k2 < I- 

The case of fci > fc2. Similar to Proposition |5.6| , by Proposition 3.3 we see that the action of /i increase 
the number of w+ of Red2(&). Then the operator /i does not influence the action of 62- In a similar way, 
we see that the operator 62 does not influence the action of /i. Therfore we have (5.3.18). 



A (62)'' ^ 6 = &i ® • • • ® fibk, (S>---(E)bi, 
(62) ^ 6 = 61 ® • ■ • ® ei6fe2 ■ • ■ ® 6;, 
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Figure 8: Part II, the case of (a3), the location 
of Ej,b, Ejijj' and Ej\J}" in the crystal graph of 



B 



(ij + l)- 



/ie2 (62) 6 ^ 62/1 (62) h. 



The case of fci < fc2 . We assume 

By assumption, at most one of following relations are satisfied: 
/ie~2 (e1-i) 6 = I 

61 ® ■ ■ • 62/1 &fei ■ • ■ &i 






' /ie2&fc2 
1 e2&fc2 "X 



®6i 



62/1 (e1-^) 6 



61 (g) • • • (g) e26fe' 



'/i&fci 



(gfo; 



ei(fc)„,Vi(b) 



(5.3.21) 

(5.3.22) 
(5.3.23) 



, we have ki < k'l. In a similar way we have ^2 < fe. If (5.3.22) 



Since /iu+ — U- and ^i(fe) = u 

is satisfied, we see that fci-th element of 62 /ie2& and /ie2 626 (1 < fc' < n — fc) are different. Then we 

have 

el/ifc ^ /ig^&. (5.3.24) 



This is contradiction. In a similar way, if (5.3.23) is satisfied, we have contradiction. Thus we have (5.3.18) 



D 



We prove from (5.3.2) to (5.3.8) exchanging e^ with e\. For example, we denote following equations 
exchanging i^ with e^ from (|5.3.2|) to (|5.3.5|) . We put fei = (jA * f /o^") '' V{i\.j) e Be [Sq >i + 2j~ [i^] , 
p + 2q> i + 2j). 



We are going to show 



iU^iElh)) = ^{E, 



^^((/^)'"^(^)^^0-)))' 



=?($( 



^' 



i-i-j+30-g) + l 



bi 



$ £; 



-ii-i-i+3(i-g) 






/f /, 



(5.3.25) 
(5.3.26) 



47 



j+3(j-q)+2 



Z<5 



l-i-j+3{j~q+l)+n' 



$ E 



^l-i~j+3{j-q) 



(ffy" (f/)'"it,.„, 



pl-i-j+3{j-q)+n' 






where < n < I - j - i + 3{j - q), < n' < 3{y ~ 1). 

Here we prove the case oil — i— j = (mod 3) , we can prove other cases similarly. 



By Proposition 5.20, we have 



<^ih)=uiYi6r'M'icr^'^''''i2r-'iTr'-' 



The case of ( |5.3.25D , n ^ 0. By (El), we have 



enm))-^({ff) (f^bl.,) 



(5.3.27) 
(5.3.28) 



The case of ( |5.3.25D , n ^ I - i - j + 3{j - q). Put 64 = e'j^ ^ '+^*^ '^h. We see 

^(M=[[iii2r-i2ricr+''+--i2nTr"^'-]. 



Using Definition 3.4 



*l(64) 

Redi(64) 






By Proposition 3.£, we have 



I 2 



r"l2Fg?[cF+'+--l2F[TF"-^^- 



■irr2F"i2Fr6i 



,y+q+P-,-^~l.-Jy.-y+.- 



Put b' = E" 



!fy-\if )'-€..„ 



We see 



*(&4)= [1112F"12F[61[C1 



\y+p+q-j-i-'i- [[T^Tiy r^Ti J+*^ 



[2FITF 



Thus we have 



zG . 



~e\ ($ {E:^h,)) ^^\E-^\ /f /6^ 6(,L,^,) 



m\''-Vm^^-''^ 



The case of (|5.3.26|). We set 65 = £;^^"'+^(^"'?^+^6. 



$(^5) 



■irr2F"i2FrcF^'^''"^"'i3ir2F"rTF^^"'' 



We consider ej'($(65)) with w+ and m_. 



4'l(*(65)) 

Redi ($(65)) 



j+«-p,,y-i,, ,,y+9+p-i-*,,y+9+p-j-i ,y+i- 



m;]_ UOMl 



yJ_+«-p^P+9-J-«+1^29+p-2j-»^^ 



Ml U, 



+ ' 
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Then we have 



We put b', = £;^-*-J"+3(J-«) 



:iii2F-i2ret[cr+'+''-^^i3][2r-^[TF-*-^- 



iVhr-'hrh] 



fYYdo^ri' 



{l~i,]+l) 



r'^'-'-'-'mm'-'iiV^'-'' 



Then we have 



m)=Uin2r'i2r 



\6}icr^'^''-'-'-'mi2r'iTr^'-' 



Thus we have 



zS (th( p'-i-i+3(i-5)+i^^^^ ^ ^i-i-3+3U-q) 



e^ [^[E 



(f^y {hT'KU,.n 



Similarly, in case of (5.3.27), n' = and n' = 2(1 — i — j) + 3(j — q) of (5.3.28), we have 

J-i-i+3(i-5)+2 



g? ( $ ( E'^''~'^'"'^''>^%^ ]]=^[E^ 



et (l> (i?^-^-^"+'^(^"-^)+^6j 



$ S' 



9+2 /^.\P+3^(, 



-i(-j:-j+3(j-g) 



ef U (e 



2il-t-j)+3(j~p)^\\ ^ ^ I ^2{l-l-])+3(j-q- 



"((/r)'*"(/^)'"i,";i.,«,) 



By Proposition |5.31|, we have ef<^ = <^e-^ for E^bi (0 < n < eyi(fei) ^ 2{l - i - j) + 3{j -p)). 
Similarly, we can prove e^^ — ^Ci for any b E A. 



5.4 Selection of minimal 

5.4.1 Selection of minimal elements in B'~^^{lAi) 

In this section, we only consider crystal i?' , so we denote ei , 62 instead of e j* , e| respectively for simplicity. 
By definition 3.16, minimal elements are b € B^ such that (c, f{b)) — I. At first we search for the element 
b G BilK) such that (c, (^i(6)Ai + ipi{b)K2) = I. Next we verify that there does not exist 6 G B{lKi) such 
that (c, (^i(fe)Ai + ip2{b)A2) < I. Then we verify that for b € B^ such that (c, </3i(6)Ai + ip2{b)K2) = I, we 
have v'o(^) — 

Proposition 5.32 For b e B^^{lKi) such that £2(6) = 0, iwe /lawe 



i{2^i(/f ^(6)) + ¥.2(/r^ W) I fc = 0, . . . , v^2(6)} > I - 



wto{b) 



Proof We consider 

min{2^i(6') + ^2(^0 | b' = f^'^b), k = 0, . . .^Mb)}- 

By Proposition 5.6, we have 



2Mfr\b))+Mfr\b)) {2MfTib))+cp2{fTib))) 



1 (fc < k') 
-1 (k < k') 



(5.4.1) 
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We set b' = f:^^^''h. Then (|Z|) is 



2ipi{b) + ip2{b) = (^1(6) + ipi(b )• 



-wto(6) 



>0. 



Then we prove 

ipi{b) + ^i{b') ~ I + 

WerecaUthatx,(6) =tt{y = k = l,...,n} {i = 1, . . . ,6,0i,02),x,{b) = ^ {\h\ = {T] 

(i = 1, . . . ,6). We consider b such that e2{b) = 0. Such an element 6 satisfy following conditions: 

(1) < xi{b)+xi{b) < I. This is because h (Q) = 0, 63 (Q) = 0, /s (^) = 0, 63 (^) = 

(2) XQ^ib) = or 1. Since /2 f[ch]j = 0, 62 ([02]) = and by Proposition |3.15| xp^ (b) < 2. 



!,■ 



(3) X2{b) ~ 2^3(6) — 2:4(6) = 2:5(6) = 2:01(6) == 0. Because if 2:2(6) > or 2:3(6) > or 2:4(6) > or 
^5(6) > or xoi{b) > then £2(6) > 0. 



(4) 0:3(6) + 2:4(6) + 0:5(6) = or 1. By Proposition |3.1 4 

(5) 2:g(6) < 3:6(6). In particular, if 2:3(6) = 1 or 2:4(6) — 1 then 2:g(6) < xg(6) and if 2:5(6) then 2:5(6) — 0. 

6 

(6) J2 ix^{b) +Mb)) + xoiib) + xoM = '• 

We start with the case of 2:5(6) = 0. 

By calculation, we have xi(6') = xi(6), 2:6(6') = 2:2(6) + ^3(6) + 2:4(6) + 2:5(6), 2:02(6') = 2:02(6), 2:6(6') — 
xe{b), X4(6') = 2:4(6), ^3(6') = 2:3(6), ^2(6') = xeib) - 2:02(6) - 2:5(6) - 2:4(6) - 2:3(6), xi(6') = xi(b). We 
put S = wto(6) mod 2. Thus we have 

-wto(6) = 2xi(6)+.X2(6)+X3(6)+2:4(6)+2:6(6)-X6(&) -2xi(6), 

/ = 2:i(6)+2:2(6) +2:3(6)+.2:4(6) + 2:6(6)+xo2(6)+X6(6)+Si(6), 

I "I "^ 1 1 Q 1 A 

-wto{b) = 2xi(6) + -2:2(6) + -2:3(6) + -2:4(6) + -2:5(6) + -X6(6) + -, 

(pi{b) = xi(6) + (xo2(6) + 22:5(6)+ 2:4(6) -X2(6))+, 

Mb') - 2:1(6') + xo, (6') + 2x6(6') + (2:2(6') - 2:4(6') - xe{b') - xo,{b'))+, 
= xi(6) + 2x2(6) + 2x3(6) + 2x4(6) + 2x5(6) + xo2(6) 
+ (x5(6) - xo2(6) - 3x5(6) - 2x4(6) - X3(6))+. 



(^i(6) + (^i(6')-; + 



wta{b) 



1 



xo2(6) + 2x6(6) + X4(6) - X2(6)| 



+ i |x6(6) - 2-02(6) - 3x5(6) - 2x4(6) - X3(6)| - ^ (5.4.2) 
> (integer greater than — ^ ). 



The case of X5(6) — 1. By Proposition 3.15, X3(6) = X4(6) = X5(6) = xo2(6) = 0. Similar to the case of 
2:5(6) = 0, we have 



(pi(6) + v?i(6')-/ + 



i^wt^ib) 



— :^ 2:2(6) + -X5(6) — - > ( integer greater than — i ) (5.4.3) 



D 



A minimal el emen t is an element 6 e S' such that (c, ip{b)) = I. By (c, <p{b)) = (pa{b) + 2ipi{b) + (p2{b) 
and Proposition 5.32, if wto(6) > we have (c, i^ib)) > I. Therefore for a minimal element 6 we must have 
wto(6) = 0. 
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Lemma 5.33 we have 



mm{{c,ipib)) I b e B{nAi)} = /. 



Proof By (|X|) and ( |5.4.3| ), the elements b such that e2{b) = 0, .^1(6) + (pi{fr^''\b)) = I satisfy 

following conditions. 

Ifx5(6)=0, 



X2{b) = 2xe{b) +XQ^{b) + Xi{b), 

X2(b) = 3a;6(6)+.T02(&) + 2a;4(&)+a;3(fe). 



If 0:5(6) = 1, 



X2{b) 

XQ{b) 



0, 
0. 

V2(&)/ 



Then we can express b such that £2(6) = 0, (pi{b) + ipilf^ (b)) = I as: 



iri2iicn6iiTi" 



b = < 



[[irisFw 



[511X1™ 



■in2ii3i 



r'ur^'iTr 



rier^'iTr 



where m, n G Z>o. We put 



irhncrnrnr 



hm) = ftb = { 



[[in2r[4i 



1 Oi 1 



r'^iiireiiTr 



{I = 2TO + 3n), 

(n > 0, ; = 2TO + 3n + 1), 

(? = 2to+1), 

{I = 2m + 3n + 2). 



(? = 2TO + 3n), 

(n > 0, Z = 2m + 3n + 1), 

(? = 2m+l), 



. [[in2r[3l[cr[3l [21111"] a = 2™ + 3n + 2), 

where m G Z>0 such taht I — 2m > 0. We prove (c, 2(^i (&(„)) Ai + <y92(6(m))A2) = ^ (fc = 1, 2, 3). We prove 
the case of I = 2m + 3n. By Proposition 13. 



Redi \b(m)j = 



'-+, 



we have 



By Proposition 3.£ 



Viibim)) = m. 
Red2 {b(m)j 



u^'uf, 



we have 



'/'2(6(m)) = 3n. 
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Therefore, 



(c, 2<^i(6(„j))Ai + (^2(fo(m))A2) = 2to + 3n. 



In similar way, we can prove other cases. 

Let Bf 9^'{b I b G B{lAi), (c, v5i(&)Ai + ¥'2(6)} = /}, (^cD? = {A £ ZAi + ZA2 | (c,A) = /}. Then we 
see following proposition easily. 

Proposition 5.34 The maps e, (p : B^ ^ (-Pet)? '^'^^ bijective. 
5.4.2 Existence of minimal elements on B'^^ilKi) 



(/?)■ (/, 



0^1 bui)- By Definition 5.12 , we have 



We consider 

[f^) (i^) ^^M) - (e^) 
For fe e S^^i+jAo, we define y = y(6) 



/i^j (/o^) ^((i-0,»)- 



By Proposition |5.20| and Lemma |5.21 
$( ( fr^l ( f^Vfc 



3 



(/?) (./o^ 



1?' r^Ti J* \r-^iy r^ 



[21111' 



iFlei ^ 
iFlsllT 

[[lF[6F[6l[cr-^[4l[2r[Tl' 

[[irieneHcnsii^nTii 



(? - 2i = (mod 3)), 

{l-2i = l (mod 3), 2/ = 0), 

(Z-2i = l (mod 3),2/> 0), 

(? - 2i = 2 (mod 3)), 



we have 



$ ( (e^) 



'^-^^ ^Ijl-.,, 



[[ir[2F[cii2: 

iFMir" 

iF[2f [4j|cr i4j|2rii^ 

[[lF[2F[3l[cll3l[2llTl'] 



1^ T^Tiyr-iiyrYi* 



iw-ii 



(? - 2i = (mod 3)), 

{l-2i = l (mod 3),j/ = 0), 

(?-2i = I (mod 3),2/> 0), 

{l-2i = 2 (mod 3)), 



Therefore we have proved existence of minimal elements. By ( ^.1.12 ) we see 



•^0 



Thus we have 
where m £ Z>o. 



{C,f(b(,n))) = I 



^^ bli:^)\ = Q■ 
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5.4.3 Selection of minimals on B^ 

By ( ^.2.6| ), for n < I, we have 



fo 



(b) = ipo (b) + 1. 



Then for 6 G B" such that (c, (p{b)) — n, we have (c, (p{b)) = n + 1 on _B"+^. If / = 1, by calculatfon we 
see min {(c, (^(6)) | 6 G _B^} = 1. Then we see 

min{(c,(^(6)) \beB^} =1, 

inductively. Therefore a minimal element for level ^ — 1 is also a minimal element for level /. Thus it is 
obvious that e and if are bijective. 

Example 5.35 Following elements are minimal (0 < ^ < 7). 

tfl>0 0, 

*/^>l [[Oil 

*/^>2 flllllTlli ||||3||||3| 



^/'>3 [[llloJlTl] [[2lM[2 

*/'>4 fllflTfl f|ll|3l|3l|T|||| ||||2||||4||||4||||2| 



«/'>5 [[ifloJlTf] [[ll[2][0j[2][T]] [[2][3]M[3][2] 
^/'>6 [[iflTr^] [[lf[3][3][Tf] 

:il[2H4l[4][2][T]] [[2f[6][6l[2f 
^fl>7 [[irioJlTf] [[in2lM[2HTf] 

:il[2H3]M[3][2][T]] [[2f[4][0j[4][2f 

5.5 Connectedness of B^ B^ 

We will show connectedness of i?' (8> i?' , by showing that any element of B' (8> B^ is connected with (j)® (jj. 
We consider decomposition of tensor products B'^'^ (miAi) ® B'-^^ (77i2Ai). Each connected component has 
a lowest weight element. Then, we prove the lowest elements connected with (f)® (f). 

For 6i G B'^'^{miKi), 62 G B'^^{m2Ai), there exist a sequance {ii, . . . ,ik) {in G {1, 2}, n = 1, . . . , fc) 

such that fi^ ■ ■ ■ /i2 ^1 ^ ^2 is a lowest weight element &i®f|T]™^| e B'^'^ {miAi) ® B'^^ {■m2A2). We can 
express 



Then there exists b'{ G B^^{m[Ai) such that 

^^(^o(b;)-™.)++™.^, ® [ [ir^ ] = b'l ® (/.. 

There exist another sequence {i'l,- ■ ■ , i'f.,) (ij^ G {1, 2}, n — I, . . . ,k') such that /o"Vi' ■ ■ ' /«' b'( is lowest 
weight element [T] M ■ Therefore we can express as 
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Then we have 



61 62 is connected with 



By §5.4, §5^ we have Theorem 2.2 
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Perfect crystal of level 2 




/q other arrows: E^ * is minimal. 



Figure 9: Perfect crystal of level 2 
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